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Abstract

The implementation of hp-adaptivity is challenging as hanging nodes, edges, and faces have to be
constrained to ensure compatibility of the shape functions. For this reason, most hp-code frameworks
restrict themselves to 1-irregular meshes to ease the implementational effort. This work alleviates
these difficulties by introducing a new formulation for high-order mesh adaptivity that provides full
local hp-refinement capabilities at a comparably small implementational effort. Its main idea is the
extension of the hp-d-method such that it allows for high-order overlay meshes yielding a hierarchical,
multi-level hp-formulation of the Finite Element Method. This concept enables intuitive refinement
and coarsening procedures, while linear independence and compatibility of the shape functions are
guaranteed by construction. The proposed method is demonstrated to achieve exponential rates of
convergence—both in terms of degrees of freedom and in run-time—for problems with non-smooth
solutions. Furthermore, the scheme is used alongside the Finite Cell Method to simulate the heat flow
around moving objects on a non-conforming background mesh and is combined with an energy-based
refinement indicator for automatic hp-adaptivity.
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1 Introduction

One requirement for efficient numerical schemes is the ability to adapt the discretization locally in
domains of interest to improve the quality of approximation. Within the framework of the Finite
Element Method, a major challenge of this adaptivity is to guarantee the compatibility requirements
of the shape functions. In particular, mesh irregularities caused by hanging nodes must be avoided
in schemes based on the Finite Element Method.

Since the early 1980’s, various refinement strategies have been introduced for this purpose. Their
common idea is to ensure compatibility by appropriately constraining hanging nodes (see e.g [1; 2]).
Although this approach has proven to work well for various applications, the implementation of
the constraints bears challenges. This becomes more difficult in the context of hp-refinement, as
here also edge- and face-modes have to be constrained correctly. For this reason, hp-algorithms
are typically restricted to 1-irregular meshes to reduce the implementational complexity (see e.g.
[1; 3; 4; 5; 6; 7; 8; 9]). Only recently, advanced numerical schemes have been implemented that allow
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for arbitrary-level hanging nodes (see e.g. [10; 11; 12; 13]). However, the idea to post-constrain
hanging nodes remains unchanged, which requires a sophisticated algorithmic treatment.

To overcome these challenges, the authors suggest an alternative refinement strategy that avoids
the difficulties associated with arbitrary-level, high-order, hanging nodes. The approach is based on
the idea of hp-d-refinement, in which a high-order base mesh is superposed with a finer h-overlay mesh
in the domain of interest (see [14]). In this way, fine-scale solution characteristics can be captured
accurately on the overlay mesh, while large-scale characteristics are represented by the high-order
base mesh. By applying homogeneous Dirichlet boundary conditions on the overlay mesh, hanging
nodes are avoided by definition. Recently, this approach has been extended in different directions.

Schillinger et al. show that using hierarchical h- and NURBS-overlay meshes allows for adaptive
h-refinement (see [15; 16; 17; 18]). In [19], the hp-d idea is successfully combined with partition of
unity approaches to better approximate discontinuities occurring at material interfaces. In the present
work, the idea is extended to adaptive high-order-refinement by employing a high-order hierarchical
overlay mesh. This multi-level hp-algorithm offers the full capabilities of hp-adaptive-methods, while
allowing for arbitrary irregular meshes and a high flexibility in the discretization.

The essential ideas of this new refinement method will be outlined in detail in Section 2 and its
implementation will be discussed briefly in Section 3. In Section 4, the benefits of this new approach
are discussed. In a first example, it is shown that the suggested multi-level hp-approach yields
exponential rates of convergence for problems with non-smooth solution characteristics. Two further
examples demonstrate that the introduced agile data structure also allows to easily refine and coarsen
the discretization in the course of transient simulations. The work closes with a concluding outlook
in Section 5.

2 The Multi-Level hp-Algorithm

As mentioned in the introduction, a major challenge of adaptivity in the context of Finite Elements
is the problem of mesh irregularities caused by h-refinement. In this section, the idea of the multi-
level hp-algorithm is outlined, which allows for high-order mesh adaptivity without the difficulties
of hanging nodes. Prior to this description, classical refinement schemes are briefly discussed to
motivate the need for a novel discretization scheme.

2.1 Classical Refinement Schemes

Following [21], the most common h-refinement schemes can be categorized in the following three
groups:

Methods based on mesh regeneration create a completely new mesh in the domain of interest.
This approach has the advantage that the new mesh is independent of the old one, which allows
for great flexibility and good mesh quality. In particular, the new mesh can be kept regular, and
the algorithms of the FE-kernel can be kept simple. However, the approach has the disadvantage
that automatic mesh generation in 3D can be difficult. Furthermore, the data transfer between the
different meshes has to be handled.

An alternative possibility for adapting the discretization is to keep the number of unknowns con-
stant but to adjust the node positions instead. This idea known as r-refinement has the advantage
that the mesh can be kept regular (see e.g. [22]). However, this approach is difficult to automize
[21].

The third category is element subdivision. Here, the idea is to replace elements with a high
error contribution by smaller elements, which comply to the boundary of the original element. The
advantage of this idea is that it provides flexibility while allowing for automization of the algorithm.

However, one major difficulty of this approach is the fulfillment of the compatibility requirement.
This demands that patch shape functions are Cm−1 continuous between interconnected elements and
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No Refinement Level 1 Refinement Level 2 Refinement Constraints

Active Nodes Constrained Nodes Active Edges Constrained Edges

Figure 1: Multiply constrained modes occurring in classical hp-refinement strategies (following e.g.
[1; 2; 20])

Cm continuous within an element. Thereby, m denotes the variational index of the problem under
consideration (see e.g. [23; 24; 25; 26]). In the case of element subdivision, the mid-side nodes of a
refined element have no suitable representation in coarse neighboring elements (see Figure 1). These
hanging nodes render the mesh irregular, as the shape functions between the interconnected elements
are no longer C0 continuous. This means that the compatibility is no longer fulfilled for e.g. thermal
or elastic problems (m = 1). As this requirement is essential for ensuring the convergence of the
Finite Element Method, hanging nodes require an appropriate treatment.

One way of avoiding such mesh irregularities is to also subdivide the adjacent elements to provide a
transition between the fine and the coarse discretization (see e.g. [27; 28]). Although mesh regularity
can be ensured in this way, the transition elements introduce additional degrees of freedom, with
the result that the refinement looses its local character. Furthermore, the transition elements can
be highly distorted. Both effects possibly have a negative influence on the numerical accuracy and
the rate of convergence (see e.g. [29; 28; 10; 30]). Moreover, an automatic generation of transition
elements is challenging, in particular in case of structured three-dimensional meshes, which typically
demands for templated solution strategies (see e.g. [31; 32]).

An alternative idea suggested by [33; 34] is to enhance the coarse elements with suitable shape
modes, which recover the C0 continuity between interconnected elements. Although this idea is very
appealing and leads to optimal convergence, it has the disadvantage that an extension to high-order
shape functions is not straightforward. Furthermore, the formulation requires that the maximum
difference between the refinement level of adjacent elements is limited to one (i.e. 1-irregular meshes).
Although an extension of the approach to k-irregular meshes is possible in principle, the authors do
not know of any published work on this topic.

The most common idea to handle hanging nodes is to allow for irregular meshes during the refine-
ment procedure and to ensure the compatibility requirement by appropriately constraining hanging
nodes in a post-step. The essential idea is to express the fine-scale shape function of the hanging
node in terms of the respective coarse-scale parent modes of the un-refined neighboring element. In
the context of linear shape functions, this can be carried out easily, as the unknown of the hanging

3



middle node can be expressed by a simple interpolation between the coarse nodal modes (see e.g.
[1; 2; 20]).

Although the extension of this approach to higher-order Finite Elements (i.e. hp-FEM) follows the
same idea, this step bears some challenges. The major difficulty is that in the presence of higher-
order modes, not only hanging nodes but also hanging edges and faces have to be handled. The main
difference to the linear case is that a simple interpolation between the coarse and fine-scale modes
is not possible for edge and face modes. Instead, constraining them requires a suitable projection of
the fine modes onto the coarse ones. In the literature, different methods have been presented how
this can be achieved most efficiently (see e.g. [1; 2; 10; 11; 13; 20] for more details).

One additional technical challenge arises when hanging (nodal, edge, or face) modes have to be
constrained using parent modes that are constrained themselves (see Figure 1). This typically occurs
when the refinement algorithm requires for a sudden change in the discretizaton accuracy, i.e. a
large difference in the refinement level of adjacent elements. As these multiply constrained modes
significantly increase the implementational complexity, most hp-Finite Element codes restrict them-
selves to 1-irregular meshes such that only elements with unconstrained modes can be refined (see
e.g. [1; 2; 3; 4; 5; 6; 7; 8; 9]). This commitment, however, imposes several limitations on the re-
finement flexibility. As noted by [1; 4], 1-irregular meshes introduce unwanted boundary layers as
the refinement has to spread out to insure the compatibility of the basis function. As in the case of
transition elements, the refinement thus loses its local character [4]. In their studies, [10; 13] show
that schemes bound to 1-irregular refinements introduce significantly more degrees of freedom than
actually necessary. One possibility to reduce this effect is to use an anisotropic refinement, which in
turn might lead to dead-lock situations, which have to be handled explicitly (see e.g. [1; 35]). New
methods have been published recently which allow for arbitrary hanging nodes and as such avoid
refinement spreads (see e.g. [10; 11; 30; 12; 13]). The idea to post-constrain the hanging modes,
however, remains unchanged so that these approaches still demand for a sophisticated algorithmic
framework.

The present work aims at circumventing these implementational difficulties by avoiding hanging
nodes by definition and in this way allowing for more flexibility, while achieving comparable approx-
imation accuracy. The essential ideas of this approach are outlined next.

2.2 Refinement via Superposition

As discussed in the previous section, classical refinement schemes are based on the idea of replacing
the coarse elements by finer elements in the domain of interest. An alternative approach—followed in
this work—is to keep the base discretization unchanged and to improve the approximation accuracy
by superposing a finer overlay mesh, on which small-scale solution characteristics can be captured.

This idea dates back to the pioneering work of Mote who, in 1971, introduced the Global-Local
Finite Elements by combining the conventional and finite element Ritz method following the idea of
mesh superposition (see [36] and e.g. [37] for a comprehensive review of the method). Since then,
this idea has been extended and applied successfully in the context of e.g. the hierarchic Finite
Element Method (see e.g. [38]), embedded localization zones (see e.g. [39; 40; 41]), the spectral
overlay method (see e.g. [42]), the hp-d-refinement method (see e.g. [14; 43]), the s-version of the
Finite Element Method (see e.g. [44; 45; 46; 47; 48]), and the adaptive local overlaying grid method
(see e.g. [49]). Although originating from a different direction, also partition of unity-based methods
such as the eXtended or the Generalized Finite Element Method can be regarded as superposition
methods, as the standard Finite Element space is augmented by additional functions that capture
special solution characteristics (see e.g. [50; 51; 52] for a review of these methods).

The unifying idea of all these approaches is to decompose the final approximation u into the base
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mesh part ub and the overlay part uo:

u = ub + uo.

The compatibly of the solution is ensured by constraining uo via homogeneous Dirichlet boundary
conditions on the boundary of the overlay mesh. In this way, the global and local scales can be cap-
tured separately without modifications of the base mesh. The idea of mesh superposition, therefore,
allows for a high flexibility in the discretization. In particular, the previously described challenges
of hanging nodes do not arise by construction, as the overlay solution is zero by definition on the
transition between the base and overlay mesh.

The current work extends this idea to combine the simplicity of the superposition methods with
the approximation power of hp-FEM. The aim is to construct hierarchical hp-like meshes to yield
exponential convergence for non-smooth problems without the difficulties of hanging nodes. At the
same time, the method is designed to deliver an agile data structure, such that the discretization
can be refined and coarsened adaptively during transient simulations without any limitations due to
mesh irregularities. Following the chronology of the method, this multi-level hp-approach is derived
in three steps in the upcoming sections.

2.2.1 The hp-d-Idea

As outlined in the previous section, the essential idea of the hp-d-refinement algorithm is to overlay
multiple meshes for approximation purposes. In contrast to the other methods mentioned, large-
scale solution-characteristics are thereby captured on a coarse high-order base mesh, which spans
the full domain of the boundary value problem under consideration. To also capture fine solution
features, this base mesh is overlayed by a finer h-mesh in the domain of interest (see Figure 2).

p = 4k = 0

(a) 1D-Case

 

 

Inactive Node

Active Node

Inactive Edge

Active Edge

Inactive Face

Active Face

(b) 2D-Case

Figure 2: The hp-d-approach introduced in [14; 43]: The coarse high-order base mesh captures the
large-scale solution, while fine-scale characteristics are captured using the finer h-mesh that
overlays the base mesh in the respective domain of interest.

Due to this decomposition of the solution, two major aspects demand for special consideration: the
linear independence and the compatibility of the basis functions. However, the hierarchical structure
of the overlay elements renders both requirements easy to fulfill.

The linear independence of the shape functions is guaranteed by first ensuring that the elements
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of the second mesh do not overlap the element boundaries of the base mesh and secondly by “deac-
tivating” all nodal modes in the overlay mesh that are direct descendants of base mesh nodes.

The compatibility of the shape functions is ensured by applying homogeneous Dirichlet boundary
conditions to the overlay mesh, which guarantees that the patch shape functions are C0 continuous
between interconnected elements of the respective patch. In this way, the compatibility is ensured
by construction. This simple and yet sufficient approach has the additional advantage that the
problem of hanging nodes can be circumvented completely, as no degrees of freedom are present on
the boundary of the fine overlay mesh. This idea is shown in Figure 2b depicting inactive nodes
as hollow circles, whereas active nodes are filled. Similarly, dashed edges and light-gray faces are
inactive.

It was shown by [14; 43; 53; 54] that this approach can be successfully applied to structural
mechanics, reaction-diffusion, and dimensionally reduced problems.

2.2.2 The Hierarchical hp-d-Idea

The hp-d-approach has been picked up by Schillinger et al. and extended in a hierarchical sense (see
e.g. [15; 16; 17; 18]). This idea is depicted in Figure 3, which shows how the original approach is
extended naturally by superposing different overlay meshes. As in Figure 2b, the direct descendant
and the boundary nodes are deactivated on all levels, whereas the base mesh remains unchanged. In
this way, arbitrary irregular meshes can be created easily by simply arranging the overlay meshes
such that the respective mesh boundaries coincide.

p = 1k = 3

p = 1k = 2

p = 1k = 1

p = 4k = 0

(a) 1D-Case (p = 4, k: refinement level,
dashed line: singular point)

 

 

Inactive Node

Active Node

Inactive Edge

Active Edge

Inactive Face

Active Face

(b) 2D-Case

Figure 3: Conceptional idea of the hierarchical hp-d-method (following e.g. [15])

Schillinger et al. show that this extension can be applied to significantly improve the approxima-
tion accuracy in the context of geometrically non-linear structural mechanics and fictitious domain
problems. In [15; 18], this idea is extended to the context of isogeometric analysis (IGA) to adaptively
refine B-spline and NURBS elements. In [55], it is shown that this approach also yields excellent
results in the framework of collocation methods.

All these publications, however, focus on applying pure h-refinement on the overlay meshes. Al-
though this approach allows to obtain exponential convergence for smooth problems when increasing
the order of the base mesh, the convergence characteristics turn algebraic when the analytical solu-
tion incorporates singularities (see e.g. [17; 55]). To further improve the convergence properties for
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these non-smooth problems, the aforementioned approach needs to be extended. This is the focus of
the multi-level hp-algorithm, whose details will be outlined in the next section.

2.2.3 The Multi-Level hp-Idea

The essential idea of the multi-level hp-approach is to employ hierarchical, high-oder overlay meshes to
yield the full potential of hp-refinement schemes (see Figure 4). For this extension linear independence
and compatibility of the shape functions have to be reconsidered.

p = 4k = 3

p = 4k = 2

p = 4k = 1

p = 4k = 0

(a) 1D-Case (p = 4, k: refinement level,
dashed line: singular point)

 

 

Inactive Node

Active Node

Inactive Edge

Active Edge

Inactive Face

Active Face

(b) 2D-Case

Figure 4: Conceptional idea of multi-level hp-FEM

To guarantee a linearly independent basis, the high-order shapes introduced on a new overlay
mesh have to be removed from the respective meshes on lower levels. As shown in Figure 4a for the
one-dimensional case, the high-order shapes are thus distributed over the different levels and only
elements with no further refinements are equipped with high-order shape functions. In contrast, on all
lower elements only linear shape functions are spanned, which ensure the C0 continuity between the
different elements and levels. This idea naturally extends to two dimensions as shown in Figure 4b.
Just as for the previous case, all refined edges and faces are deactivated and only non-refined elements
incorporate the high-order modes. In this way, linear dependencies between the shape functions of
the different levels can be easily avoided a priori.

Similar to the hp-d-approach, the compatibility of the shape functions is ensured by applying
homogeneous Dirichlet boundary conditions on the overlay meshes. In the high-order case, however,
this requires not only for “deactivating” the respective nodes but also the edges (and faces in 3D) on
the mesh boundary. In Figure 4b, this is depicted by dashed lines on the mesh edges. Only on the
domain boundary, higher-level edge modes can be active as no compatibility has to be ensured here.
Again, this requires that the respective lower-level edges are disabled to ensure linear independence.

These simple extensions of the aforementioned hp-d-idea allow to formulate a simple hp-refinement
algorithm. In particular, the deactivation of the respective boundary modes of the overlay meshes
circumvents the difficulties of hanging nodes as these are avoided by construction. As depicted in
Figure 4b, the refinement can therefore be adjusted flexibly without any restriction to 1-irregularities.

A similar multi-level superposition approach has been introduced by Fish in [48]. The current work,
however, aims at constructing hp-FEM like discretizations via a clear hierarchy in the mesh structure.
This allows to define a simple set of rules, which ensure compatibility and linear independence by
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construction. These lead to an agile data structure in which a change of the discretization in a
transient simulation comes naturally without posing additional challenges. This process is outlined
in the following section.

3 Aspects of Implementation

As outlined in the previous section, the main challenge of the multi-level hp-refinement is to ensure
linear independence and compatibility of the basis functions. This demands for deactivating the
“correct” topological components. The following section briefly outlines the computational imple-
mentation of this task in the context of an object oriented high-order FEM framework.

3.1 Data Structure

The data structure required for implementing the multi-level hp-algorithm is simple. All that is
needed are four classes that represent the different types of topological components (node, edge, face,
solid) and one class to represent the element (see Figure 5).

Node Solid

AbsTopologyDof Element

AnsatzSpaceEdge Face

Figure 5: UML representation of the multi-level hp-data structure

As in most Finite Element programs, the topological components are used to represent the connec-
tivity information of the mesh. In the context of high-order FEM, these classes additionally handle
the degrees of freedom and the polynomial degree of the associated shape functions (nodal-, edge-,
face-, and volume-/internal-modes). However, the topology does not actually create shape functions.
This is the responsibility of the element class, which is defined on such a topological component (i.e.
its “support”).

Individual topological components can now be “deactivated” by simply setting the polynomial
degree of their modes to zero. In this case, the respective topological component will not allocate
any degrees of freedom, and, accordingly, the element will not create any shape functions associated
with this component. In this way, selected shape functions can be removed easily from the ansatz
space to ensure compatibility and linear independence.

To simplify the organization of this deactivation process, every element knows the topological
component it is defined on, and every topological component holds a list of adjacent elements. This
is depicted in Figure 6a as an example for one node and one edge by the arrows pointing to the
respective neighboring elements.

The data structure is extended in a tree-like manner to also allow for a hierarchical refinement.
Thus, every topological component holds a reference to its sub-components and every element stores
its sub-elements. Finally, every element also knows the refinement level it has been created on.

The individual steps to create these refined objects are described in the next subsection.

3.2 Refinement Procedure

Following the data structure described above, the refinement of the discretization requires to sub-
divide the respective topological components such that new elements can then be defined on this
sub-topology. The different steps of this refinement procedure are discussed in the following.
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(a) Unrefined Base-Mesh (b) Node Refinement (c) Edge Refinement

(d) Face Refinement (e) Element Creation (f) Refinement of second Element

Figure 6: Implementation steps of multi-level hp-FEM. The arrows depict the adjacency relation
between the created topological sub-components and the elements.

Node Refinement The first step is to refine the nodes of the element. For this purpose, four new
nodes are created as sub-nodes of their respective parents (see Figure 6b). These sub-nodes are
geometrically identical to their parents and, thus, overlay them on the next refinement level. Most
importantly, the new sub-nodes inherit the list of adjacent elements of their parents and are, thus,
still regarded as being connected to the original coarse element. In Figure 6b, this is illustrated by
the arrows pointing from one new node to the elements from which this node is originating.

Edge Refinement In the second step, the edges are refined. As for the nodes, this requires to
create (two) new sub-edges per parent edge and their corresponding middle nodes. Again, these new
components (sub-edges and mid-nodes) inherit their adjacent elements from their parent edge and
are, therefore, connected to the coarse elements. This is depicted in Figure 6c for one new edge and
one new mid-node.

Face Refinement The third step is the face refinement. As in the previous steps, four new sub-faces
are created together with their middle node and edges (see Figure 6d). It is important to note that,
at this point, only the topological components have been subdivided and no new elements have been
created yet. Just as in the previous step, the new components (sub-faces and mid-nodes and edges)
are, therefore, still adjacent to the coarse elements.

Element Refinement In this final step, the actual element is refined. To this end, four new elements
are created using the four sub-faces as their support (see Figure 6e). As outlined in Section 2.2.1,
these new sub-elements do not replace the original element but overlay it instead. The coarse
element is therefore not deleted but still exists on the base level. However, it deregisters itself from
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the newly created sub-topologies and registers the respective sub-elements instead. The new sub-
components are thus now partly adjacent to elements on different levels. This information is essential
to deactivating the correct components, which will be described in the following sub-section.

3.3 Component Deactivation

As discussed previously, linear independence and compatibility of the basis functions is ensured
by deactivating the “correct” topological components. With the setup described in the previous
paragraph, this can be done easily by applying the following simple rules:

Compatibility is ensured by deactivating all topological components of the overlay mesh whose
adjacency list contains elements of different levels. In this way, components of the overlay mesh on
the boundary of the refinement zone will have no degrees of freedom. This ensures C0 continuity
between interconnected elements and avoids hanging nodes and edges by construction.

Linear independence is ensured by deactivating all topological components of the base mesh that
have (active) sub-components and all nodes on the overlay mesh directly descending from base nodes.

It is interesting to note that these simple ideas also allow to naturally activate the correct topo-
logical components on the domain boundary. As the topological components at the boundary are
only adjacent to the refined elements, they are activated automatically without the necessity of any
additional adjustments.

Furthermore, if now a second element is refined, the adjacency relations automatically update, and
the new sub-components can be re- or deactivated without any difficulty (see Figure 6f). Finally,
this procedure also allows for multiple levels of overlay meshes by simply applying the algorithm
recursively on the newly created sub-elements.

3.4 Numerical Integration

In addition to the questions of compatibility and linear independence, also the correct numerical
integration of the element stiffness matrix demands for special consideration when following the
idea of mesh superposition. In the context of the hp-d- or multi-level hp-method, however, the clear
hierarchical structure of the overlay elements can be exploited to also simplify this task. In particular,
no complex subdivions of the overlay elements are required as these may only overlap one parent
element. An exact integration only demands for subdividing the integration domain according to
the inner-element boundaries. This poses no implementational difficulties, as the sub-elements are
constructed by recursively bisecting the parent element (see Figure 7). On each of the resulting
sub-domains, standard Gaussian quadrature points are distributed, on which the respective non-zero
shape functions are evaluated to compute the element matrices.

The figure, however, also shows a potential performance bottleneck of the method. As the approx-
imation accuracy is increased by superposing different elements, the number of shape functions with
overlapping support increases. This results in a denser system of equations with a higher bandwidth
compared to a conventional hp-scheme. Furthermore, the superposition leads to more shape func-
tions being non-zero on each integration point. All three effects possibly have negative influences on
the time required for integrating the element matrices and for solving the system of equations.

In the run-time analysis presented in Section 4.1, however, these possible disadvantages do not
materialise. Instead, the multi-level hp-method yields exponential convergence characteristics in the
run-time. This suggests that these negative effects—although present—are more of theoretical nature
and have only a very limited relevance in practice.
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k = 0 p = 1

p = 2k = 3

p = 2k = 2

p = 2k = 1

Figure 7: Integration of a multi-level element

4 Numerical Examples

In the following section, the performance of the multi-level hp-approach described in Sections 2 and
3 is demonstrated. The convergence properties for applications with non-smooth solution character-
istics are addressed by the first benchmark. The second and third examples demonstrate that the
agile data structure of the method can be used to adaptively refine and coarsen the discretization
during transient simulations.

4.1 Non-Smooth Solution Benchmark

The aim of this first example is to analyze the convergence properties of the proposed refinement
methods in the context of non-smooth problems. For this purpose, the well known L-shaped domain
problem is considered (see e.g. [56]).

4.1.1 Problem definition

ΓN

ΓN

ΓN

ΓN

ΓD

ΓD

1 1

(a) L shaped domain

−1

0

1 −1

0

1

0

0.5

1

1.5

(b) Analytical Temperature So-
lution φ

−1

0

1 −1

0

1

0

1

2

(c) Flux Magnitude q = ||∇φ||

Figure 8: Setup and solution of L-shaped domain problem

Consider the temperature problem

∆φ = 0 ∀ (r, θ) ∈ Ω
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defined on the L-shaped domain depicted in Figure 8a, with the boundary conditions defined as

φ = 0 ∀ (r, θ) ∈ ΓD

∇φ · n =
2

3
r−

4
3

[
x sin

(
2
3θ
)
− y cos

(
2
3θ
)

y sin
(

2
3θ
)

+ x cos
(

2
3θ
)] · n ∀ (r, θ) ∈ ΓN .

Therein, ΓD and ΓN define the Dirichlet and Neumann boundaries, respectively, such that

ΓD ∪ ΓN = ∂Ω and ΓD ∩ ΓN = ∅.

As shown in e.g. [1], the analytical temperature distribution φ can be given in polar coordinates
r and θ as

φ(r, θ) = rλ sin

(
2

3
θ

)
∀ (r, θ) ∈ Ω,

with λ = 2/3.

4.1.2 Numerical Results

To approximate the analytical temperature distribution φ numerically, the depicted domain is dis-
cretized with an initial element size h = 1/2. This base mesh is then refined using the hierarchical
hp-d- and the multi-level hp-approaches. In both cases, no solution-based refinement indicator is used.
Instead, the refinement is steered geometrically towards the re-entrant corner by always refining the
inner-most element.

The numerical approximation of the analytical heat flux magnitude q = ||∇φ|| obtained with the
hp-d- and multi-level hp-approaches are depicted in Figure 9. The comparison to the analytical
solution in Figure 8 shows that the overall solution characteristics are captured correctly by both
strategies. In the case of the hp-d-method, however, the elements near the singularity suffer from se-
vere discontinuities in the flux, which is directly associated with the discretization error (see e.g. [57]).
Increasing the number of recursive refinements reduces this defect, as the effects of the singularity are
bound to the higher refinement levels. But even with ten recursive refinements, the numerical solution
still shows large discontinuities in the flux field. In contrast, the results obtained by the multi-level
hp-approach approximate the singularity significantly better with only minor discontinuities in the
derivative field, which qualitatively shows the advantage of this new approach.

To quantify the quality of the obtained results in more detail, the convergence characteristics are
analyzed. For this purpose, the function space is enlarged by increasing the polynomial order of
the employed shape functions while keeping the element size unchanged. In the context of an hp-d-
refinement, this only effects the order of the base mesh whereas the overlay meshes remain linear. In
the case of multi-level hp, however, the p-refinement leads to an increase of the polynomial ansatz
order on all overlay levels.

Figure 10 depicts the reduction of the relative discretizaton error in the energy norm

||e||E =

√
|Πex −Πfe |

Πex
· 100%

versus the number of degrees of freedom (dofs), with Πex and Πfe denoting the exact and the
approximated energy, respectively. As discussed e.g. in [56; 58], algebraic convergence with a rate
β = λ = 2

3 is to be expected when p-refinement is applied to the singular problem under consideration.
As shown in Figure 10a, these theoretical values are met when no refinement is employed (i.e. 0
refinements). If the discretization is refined following the hp-d-idea, the first two to three p-refinement

12



(a) Approximation of q using no hp-d-
refinement

(b) Approximation of q using 3 hp-d-
refinements

(c) Approximation of q using 10 hp-d-
refinements

(d) Approximation of q using no
multi-level hp-refinements

(e) Approximation of q using 3 multi-
level hp-refinements

(f) Approximation of q using 10
multi-level hp-refinements

Figure 9: Numerical approximation of the flux q obtained with p = 2
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(c) Convergence using multi-level hp-refinements
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(d) Convergence rates β using multi-level hp

Figure 10: Convergence results of p-refinement using p = 1, 2, . . . , 10
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(b) Convergence rates

Figure 11: Direct comparison of convergence results obtained using hp-d- and multi-level hp-approach
(20 refinements)
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steps yield a significant improvement of the numerical error. For the remaining steps, however, the
convergence rates significantly reduce towards the theoretical value of β = 2/3 and asymptotically,
an algebraic convergence is observed (see Figure 10b). In particular, neither the absolute error
value nor the convergence characteristics are affected significantly by the employed number of mesh
refinements. These results confirm the findings of e.g. [17].

The results presented in Figure 10c demonstrate that using multi-level hp-refinement changes the
convergence characteristics substantially. Although the asymptotic convergence is still algebraic, the
convergence rates continuously increase for the first refinement steps if the mesh grading is strong
enough. The convergence can, therefore, be identified as exponential in the pre-asymptotic range.
Only when the polynomial order of the shape functions exceeds the optimal value for the current
mesh, the convergence rates decrease and tend towards the expected algebraic value of β = 2/3
in the asymptotic range. In contrast to the previously presented results, however, the comparison
of different refinement levels demonstrates that this transition point can be shifted significantly to
higher accuracy if more refinement levels are employed. These results thus show that pre-asymptotic
exponential convergence for piecewise analytical functions cannot be achieved exclusively with geo-
metrically graded meshes (see e.g. [56]). The direct comparison between the two methods, depicted
in Figure 11, demonstrates that this new approach improves the approximation accuracy by several
orders of magnitude in the energy norm.

As discussed in Section 3.4, the superposition approach results in a larger support of the shape
functions than a conventional hp-approach. This leads to larger element matrices and a denser system
of equations with an increased bandwidth. Therefore, this section concludes with a run-time analysis
of the hp-d- and the multi-level hp-method.
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Figure 12: Comparison of integration and solution time of the multi-level hp-method (20 refinements)

It is well known that using higher-order shape functions, very high accuracy can be achieved with
a comparable small number of unknowns. At the same time, however, the number of shape functions
per element significantly increases. This raises the time required for integrating the element matrices,
such that it typically dominates the time for solving the final system of equations. To evaluate this
effect, the time required for integrating and the time required for solving the system of equations are
compared in Figure 12. Thereby, a straightforward, non-specialized conjugate gradient solver with
a simple diagonal pre-conditioning was used for solving the system of equations iteratively up to a
residual error of 10−15 (see e.g. [59]).

The results show that even when using such non-optimized solver, the time for solving the system
of equations is not dominating. This applies in particular for the pre-asymptotic range (p = 1 . . . 6),
in which the time for solving does not exceed 20%. As the increase in accuracy is largest in this
range, it can, therefore, be deduced that the increase of the bandwidth and the reduction of the
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sparsity of the final equation system—although present—do not have a significant influence on the
total computation time.

The more relevant question is thus whether the increase in integration time is in balance with the
gain in accuracy. To answer this question, Figure 13a plots the discretization error in the energy norm
versus the required time for integrating and assembling the element matrices in a double-logarithmic
scale.

As in the previous studies, this plot shows that the pre-asymptotic and the asymptotic range can
be clearly identified also in terms of the integration time. Within the pre-asymptotic range, the
time for integration increases by a factor of approximately 35. In the same range, however, the error
reduces by a factor of about 35,000. It is further interesting to note that by doubling the integration
time, the relative error is reduced by a factor of ten, which undercuts the engineering accuracy of
1%.
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(b) Semi-logarithmic scaling

Figure 13: Convergence of the discretization error depending on the time required for integrating the
element stiffness matrix (20 mulit-level hp-refinements, p = 1 . . . 10)

These numbers already indicate a significant performance gain achieved by the high-order overlay
meshes. The results, however, do not allow to judge whether the increase of support described
in Section 3.4 has a negative influence on the method’s run-time complexity. For this purpose, the
following simple complexity model shall be used: For a given discretization, the time ti for integrating
the element matrices depends on the number of integration points ni and the time tm required for
computing the matrix product on the integration points. Using standard two-dimensional Gaussian
quadrature, the number of integration points ni depends on the polynomial order p of the shape
functions as follows:

ni = (p+ 1)2.

Furthermore, the time tm required for computing the matrix product on each integration point is

tm = α · n2
e,

with ne denoting the number of unknowns per element and α being a positive constant. Furthermore,
it is known that using the full tensor space (see e.g. [56; 58]), the number of unknowns can be
expressed in terms of the polynomial degree as follows:

ne = (p+ 1)2,
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which equals the number of integration points ni. As the matrix product has to be computed for
every integration point, the total time required for integration can thus be estimated as

ti = α · ni · n2
e = α · n3

e,

thereby neglecting any overhead such as e.g. memory allocation. Inverting the above expression
and, furthermore, assuming that the total number of unknowns n scales linearly with the number of
unknowns per element ne allows to express these as follows:

n ∝ t
1
3
i .

The results in Figure 11 show that, in the pre-asymptotic range, the discretization error decays
exponentially with the number of unknowns. Following e.g. [56; 58], the convergence of the error
can thus be written as:

||e||E ≤ k · e−γ·n
θ
,

with k and γ being positive constants. According to e.g. [56; 58], it is assumed that θ = 1
2 for the

two-dimensional problem under consideration. Using these observations, the decay of the error can
be expressed depending on the integration time in the following way:

||e||E ≤ k · e−γ̂·t
1
6
i ,

with γ̂ being a positive constant.
These results allow to judge on the complexity of the implemented multi-level hp-algorithm by

depicting the discretization error logarithmically against the sixth root of the run-time. As shown in
Figure 13b, a linear relation between these entities can be observed for the values of p = 1 . . . 6.

This demonstrates that the multi-level hp-method yields the theoretical exponential convergence
characteristics for non-smooth problems not only in terms of degrees of freedom but also in terms
of the run-time. Together with the previously discussed results, this shows that the increase of span
has no considerable deteriorating influence on the run-time complexity.

4.2 Muli-Level hp-Adaptivity for Moving Objects on Fixed Meshes

+ =

Ωphy(t)

ΓN ΓN

ΓD1

ΓD2

Θ(t) = t
2
π

a = 0.425

b = 0.08

l = 1.0

Ωfic(t)

α = 1

α → 0

Γint

Figure 14: Setup of rotating ellipse example in the context of the Finite Cell Method

The aim of this second example is to combine the hp-d- and multi-level hp-refinement algorithms
with the idea of high-order fictitious domain methods to capture the temperature distribution around
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moving objects on a fixed background mesh. For this purpose, the schemes are employed to simulate
the heat flux around the rotating ellipse depicted in Figure 14 with the model problem defined as
follows:

∂φ

∂t
= ∆φ ∀x ∈ Ω and t ∈ [0, 2]

φ = 1 ∀x ∈ ΓD1 and t ∈ [0, 2]

φ = 0 ∀x ∈ ΓD2 and t ∈ [0, 2]

∇φ · n = 0 ∀x ∈ ΓN and t ∈ [0, 2]

φ = 0 ∀x ∈ Ω and t = 0.

For the temporal discretization, a simple backward Euler approach with 32 equidistant time steps is
used. To spatially discretize the domain, the Finite Cell Method (FCM) is used (see e.g. [60; 61]). The
essential idea of this high-order fictitious domain approach is to embed the actual physical domain
Ωphy in a fictitious domain Ωfic, such that their union can be discretized easily (see Figure 14). A
scalar field

α(x) =

{
1 ∀x ∈ Ωphy

ε ∀x /∈ Ωphy

is used to recover the original problem, with ε→ 0. This simple idea allows to circumvent the mesh
generation step. Recent publications show that this approach can be applied successfully in the con-
text of linear elasticity [60; 61; 62], topology optimization [63], geometrically nonlinear continuum
mechanics [16; 17; 64], computational steering [65; 66], biomedical engineering [67], elastoplasticity
[68; 69], wave propagation in heterogeneous materials [70], local enrichment for material interfaces
[19], convection diffusion problems [71], thin-walled structures [72], design-through analysis and iso-
geometric analysis [15; 16; 18; 64; 73; 74; 75; 76], and multiphysics applications [77]. Recently, the
convergence properties of the method have been analyzed in detail by [78]. A comprehensive review
of the method and its recent extensions is given in [79].

In their recent works, Schillinger et al. showed that the Finite Cell Method can also be combined
with hp-d-refinement schemes to significantly increase the approximation accuracy (see e.g. [15; 16;
17; 18]). The studies, however, concentrated on examples in which the geometry of the physical
domain remained unchanged over time. There was, therefore, no need to update the discretization
between the time steps. In the examples under consideration, however, the ellipse is rotating within
the heat field. An fixed a priori adaption is therefore not applicable in this case.

As shown in Figure 15, this reveals some challenges associated with the FCM. Although the
physical behaviour is captured well qualitatively by the simulation, the numerical results suffer from
oscillations. The reason for this problem is that the shape functions of elements incorporating the
interface Γint cannot capture the solution characteristics correctly within one finite cell. To reduce
the oscillations, the solution space has, therefore, to be increased around this internal interface.

The discussed hp-d- and multi-level hp-methods are well suited for this purpose as the cut cells
can be refined adaptively as soon as Γint enters the element, and coarsend again when Γint leaves the
element domain. As in the example in Section 4.1, the refinement is thus steered geometrically.

As shown in Figure 16, the use of the hp-d-refinement method significantly improves the results.
But minor oscillations are still present when only two levels of refinements are used. The reason
for this seems to be that the oscillations are “broken” at the element edges only and, therefore,
restricted to the finest mesh level. As the discretization is still comparably coarse when applying
only two refinements steps, oscillations can still be observed. Increasing the number of overlay meshes
further improves the results (see Figure 17).

When using the new multi-level hp-method instead, only two levels of refinement suffice to circum-

18



(a) t = 10% (b) t = 30% (c) t = 80% (d) t = 100%

Figure 15: Heat flow around the rotating ellipse without using any refinement with p = 4

(a) t = 10% (b) t = 30% (c) t = 80% (d) t = 100%

Figure 16: Heat flow around the rotating ellipse with p = 4 and 2 levels of hp-d-refinements

(a) t = 10% (b) t = 30% (c) t = 80% (d) t = 100%

Figure 17: Heat flow around the rotating ellipse with p = 4 and 4 levels of hp-d-refinements
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vent artificial oscillations (see Figure 18). This can be explained by the high-order shape functions
on the overlay meshes, which allow to capture the complex solution at the internal interface more
accurately.

(a) t = 10% (b) t = 30% (c) t = 80% (d) t = 100%

Figure 18: Heat flow around the rotating ellipse with p = 4 and 2 multi-level hp-refinements

This comparison shows that the use of the multi-level hp-method significantly improves the result
quality when simulating the heat flow around moving objects on fixed background meshes.

4.3 Automatic Multi-Level hp-Refinement and Coarsening

This example demonstrates the applicability of the multi-level hp-refinement method to hyperbolic
problems. In particular, the ability of the method to robustly refine and coarsen the discretization
automatically is of interest. For this purpose, the refinement strategy is combined with a simple
energy-based refinement indicator.

4.3.1 Problem definition

ΩΓN ΓD

ΓD

ΓD

100

S

30

Figure 19: Setup of compression wave example

20



To simulate the evolution of an acoustic wave, the well-known wave equation (see e.g. [80]) is used:

∂2φ

∂t2
= ∆φ+ s(x, t) ∀x ∈ Ω and t ∈ [0, 100]

φ = 0 ∀x ∈ ΓD and t ∈ [0, 100]

∇φ · n = 0 ∀x ∈ ΓN and t ∈ [0, 100]

φ = 0 ∀x ∈ Ω and t = 0

∂φ

∂t
= 0 ∀x ∈ Ω and t = 0,

with Ω being depicted in Figure 19. Centered on the point S, the following wavelet-shaped source
term is applied to emit a wave front:

s(x, t) = at(t) · ax(x)

with ax(x) = Ax · e
− (x−S)2

2σ2x

at(t) = −At · (t− µ)e
− (t−µ)2

2σ2t

and Ax = 100, At = 1000, σx = 6, σt = 1, µ = 10

4.3.2 Numerical Results

The time range is discretized in 200 equidistant time steps using the well-known Newmark time
stepping scheme (see e.g. [24; 23]). The spatial domain is discretized with 10×10 elements on which
shape functions with p = 4 are defined. During the simulation, this base mesh is superposed with
a maximum of three levels of overlay meshes with p = 4. The decision on where to employ the
refinement is based on the relative energy contribution of the respective element i in comparison to
the total energy of the current solution:

||u||iE
||u||totE

> tol,

with tol being a user defined tolerance value.
Figure 20 depicts the results of this simulation, with the mesh being warped in the z-direction

according to the current wave amplitude. The time series clearly shows how the discretization
accuracy is following the wave front robustly. In particular, two distinct regions of refinement can be
seen after the wave is reflected from the lower boundary. In-between these compression and expansion
waves, the mesh is coarsened again as here the gradient is significantly smaller.

These results demonstrate that even with this simple solution-based refinement criterion, the multi-
level hp-refinement can be controlled automatically, without any difficulties of hanging nodes or mesh
irregularities.

5 Conclusion and Outlook

In the present work, a novel multi-level hp-refinement scheme was introduced, which allows to allevi-
ate the challenges associated with the implementation of the compatibility enforcement for arbitrary
hanging nodes in classical hp-schemes. Extending the idea of hp-d-methods, this new approach re-
fines a coarse base mesh by hierarchically superposing it with finer, high-order overlay meshes on
which small-scale solution characteristics can be captured with high accuracy. This multi-level hp-
formulation of the Finite Element Method avoids the difficulties associated with hanging nodes as

21



(a) t = 5% (b) t = 12% (c) t = 22% (d) t = 45%

(e) t = 57% (f) t = 78% (g) t = 88% (h) t = 100%

Figure 20: Propagation of wave front and discretization over time (max. three overlay meshes, p = 4)

the compatibility requirements are ensured by construction while yielding the same capabilities as
conventional hp-approaches.

The different examples discussed in this work demonstrated that this new approach is well suited
for problems with non-smooth solution characteristics and can be combined easily with the idea of
fictitious domain methods and automatically controlled refinement procedures. In particular, it could
be shown that the introduced method achieves comparable approximation properties as conventional
hp-schemes and works robustly in the context of elliptic, parabolic, and hyperbolic applications.

In the context of elliptic problems, this could be demonstrated by applying the multi-level hp-
approach to approximate the singular solution of the well-known L-shaped domain benchmark. The
presented results showed that using high-order overlay meshes for refinement significantly improves
the simulation accuracy compared to linear overlay meshes in the hp-d-approach. In particular, the
obtained convergence characteristics are exponential in the pre-asymptotic range.

The second example demonstrated that the agile data structure of the method allows to robustly
refine and coarsen the discretization in every time step of a parabolic simulation. In particular,
it could be shown that, in combination with the idea of fictitious domain approaches (Finite Cell
Method), the multi-level hp-algorithm allows to capture the heat flow around a moving object on a
fixed background mesh.

In the third example, the multi-level hp-scheme was applied in the context of hyperbolic problems
to capture a propagating wave front more accurately. The presented results show that the refinement
approach can also be combined with a solution-based refinement criterion which allows for automatic
mesh adaptivity.

These three different examples demonstrate the potential of the multi-level hp-approach introduced
in this work. However, further research is necessary to analyze the method in more detail and to
extend its application range.

In a first step, the authors plan to extend the multi-level hp-method to three dimensions. In the
context of the increasing problem size, it will be interesting to investigate whether the hierarchical
structure of the shape functions can be utilized to improve the efficiency of the equation solver. A
first idea is to apply a multi-grid approach by solving for the respective error components on the
different mesh levels. Similar approaches have been applied successfully in the context of hp-FEM
by e.g. [2; 81; 82]. An alternative idea is to exploit the local nature of the overlay shape functions.
As these modes are not coupled directly to adjacent coarse elements, the efficiency of the solution
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procedure can be improved by a suitable condensation of their associated degrees of freedom (see e.g.
[83; 2]).

A second interesting research direction is to further improve the method’s convergence speed.
Numerical studies show that high-order modes do not contribute significantly to the accuracy in the
direct vicinity of a singularity. This observation is utilized in graded mesh approaches by decreasing
the polynomial degree of the shape functions towards the singularity (see e.g. [84; 56]). The same
idea can also be applied in the context of multi-level hp-refinement by decreasing the polynomial
degree of the shape functions gradually on higher mesh levels (see Figure 21). As a similar idea
proposed in [85] has shown good results for one-dimensional applications, the authors expect that
this will further improve the rates of convergence.

p = 1k = 3

p = 2k = 2

p = 3k = 1

p = 4k = 0

Figure 21: Conceptional idea of graded multi-level hp-FEM (p = 4, k: refinement level, dashed line:
singular point)

A third possible research direction is the formulation of an improved error-based refinement indi-
cator. Additionally, the aspect of smoothness estimation has to be investigated to decide on whether
an h- or p-refinement has a greater effect on the simulation accuracy. The authors conjecture that
this will then allow to also achieve exponential convergence for singular problems in the asymptotic
sense (see e.g. [1; 2; 56; 58; 4]).
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fictitious domain approach for thin-walled structures,” Computer Methods in Applied Mechanics
and Engineering, vol. 200, no. 45-46, pp. 3200–3209, 2011.

[73] E. Rank, M. Ruess, S. Kollmannsberger, D. Schillinger, and A. Düster, “Geometric modeling,
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[84] B. A. Szabó, “Estimation and control of error based on p convergence,” in Accuracy Esti-
mates and Adaptive Refinements in Finite Element Calculations (I. Babuska, O. C. Zienkiewicz,
J. Gago, and E. R. de Oliviera, eds.), pp. 25–55, New York: Wiley, 1986.

[85] R. Niekamp and E. Stein, “The hierarchically graded multilevel finite element method,” Com-
putational Mechanics, vol. 27, no. 4, pp. 302–304, 2001.

29


	Introduction
	The Multi-Level hp-Algorithm
	Classical Refinement Schemes
	Refinement via Superposition
	The hp-d-Idea
	The Hierarchical hp-d-Idea
	The Multi-Level hp-Idea


	Aspects of Implementation
	Data Structure
	Refinement Procedure
	Component Deactivation
	Numerical Integration

	Numerical Examples
	Non-Smooth Solution Benchmark
	Problem definition
	Numerical Results

	Muli-Level hp-Adaptivity for Moving Objects on Fixed Meshes
	Automatic Multi-Level hp-Refinement and Coarsening
	Problem definition
	Numerical Results


	Conclusion and Outlook

