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a b s t r a c t

In the field of ultrasonic non-destructive testing, ultrasonic impulses are used to detect
flaws in componentswithout causing damage. Based onperforming experiments alone, it is
possible to infer the state of the component – but this usually provides only limited details
about the interior damage such as its position, dimension or orientation. Furthermore, the
amount of sensors that can be used to record the signals is restricted to only a few because
of the shape and the dimensions of a typical specimen and considerations such as costs,
additionalmass and structural integrity. Further information about the flaw is hidden in the
recorded experimental signals. The idea of the proposedmethod is to use the experimental
data together with a wave speed model of a healthy component and to try to adapt the
model to generate these experimental measurements. Formally, the problem is posed as
a nonlinear optimization, and the wave speed model is adapted in such a way that the
discrepancy between the experimental measurements and themodel output isminimized.
Moreover, to overcome the problem of only a few available sensor measurements, a
combination of multiple simulations corresponding to generally performed multiple
experiments in SHM practice is used to improve the accuracy. Following this approach, the
position, dimension and orientation of a flaw can be detected for an emulated damaged
aluminum plate. For cases when there are only few sensors available, it is shown how a
combination of similar experiments can be used to improve the inversion results.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The goal of structural health monitoring (SHM) is to implement a damage detection and characterization strategy for
physical structures. In this context, a damage is defined as a change in either material or geometric properties of the
structural system. SHM is concernedwith observing the state of such a systemover time, using responsemeasurements from
an array of sensors — and its goal is the extraction of damage-sensitive features from these measurements. The principal
techniques are vibration-based and wave-propagation-based. In the scope of nondestructive testing (NDT), samples are
examined using electromagnetic, radiation, sound, and inherentmaterial properties. Application areas areweld verification,
radiography in medicine or structural mechanics. In the latter, a structure undergoes a dynamic input such as a tap of
a hammer or a controlled pulse and displacement or acceleration is measured at different sensor locations. Then, the
observed output is compared to the expected output of a healthy structure. Thus, differences in outputs may indicate an
inappropriate model or failed components. Possible methods include radiological, electrical, magnetic, and ultrasonic (US)
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(a) Expert based.

(b) Flaw model based.

Fig. 1. Different NDT devices, after [10].

methods. Typical examples are X-ray tomography, thermography, eddy current or ultrasonic testing. Test specimen can
range from homogeneous to strongly inhomogeneous structures consisting of carbon-fiber-reinforced polymer (CFRP) or
fiber composites. For current applications see [1–6]. The most widely used testing method is ultrasonic NDT. It is based
on the propagation of low amplitude waves through the material, measuring the travel time and intensity of the waves
at specific sensors. In general, only radiological and ultrasonic techniques are able to detect internal flaws accurately. For
an introduction into ultrasonic NDT see, [7–9]. Ultrasonic NDT is extensively employed in the aerospace industry and in
the scope of the nuclear, oil and gas sectors. Because of the short time duration of the signal, Ricker wavelets with center
frequencies ranging from 0.1–20 MHz and wavelengths in the range of 1 to 10 mm are used to transmit US waves into
materials to detect internal flaws. The advantages of ultrasonic NDT are that it is suitable to detect flaws deep inside the
part, allowing to detect extremely small flaws (in order of the wavelength of the source). Further, it serves to estimate the
size, orientation and shape of defects. In principle, flaws and other discontinuities hidden in the structure produce reflective
interfaces and can thus be detected using ultrasonic NDT.

Conventional ultrasonic NDT methods were parameter-based, because earlier devices were not able to store the entire
signal for every sensor. The idea is to assume that the measured signals can be described sufficiently accurate by a set of
parameters. Examples for such parameters are the maximum peak-to-peak amplitude, arrival time, rise time or duration
of the signal, see [11] for a general overview. In the conventional approach, the physical measurements – or some selected
features – are compared to reference measurements in the flawless specimen by a human expert who then decides if there
is a flaw in the specimen or not, based on man-made criteria. This standard NDT device has the capability to detect damage,
but usually not to provide detailed information on the damage parameters. The basic setup for a purely experimental NDT
device is shown in Fig. 1(a).

More recently, it became possible to store the complete signals, allowing to couple experimental data with numerical
simulation models. [10] introduced an approach that is based on a combination of experimental measurements and a
simulation model. Fig. 1(b) shows this model-based NDT system where a flaw is identified based on a comparison to a
computational model that assumes various candidate flaws. Their position is varied to find the best fit. The key idea of
this approach is to use the concept of time reversal, see [12]. It is based on the reversibility property of wave propagation,
which allows developed signals to propagate back in time to determine the original source that emitted them. If the source
is very local, this procedure is called refocusing. It can be divided into three parts. First, a known source generates waves
in the structure and the time-varying response of the structure is measured at certain points and times. Second, using a
computational model of the structure, the measured signals are played back into the structure to construct a time reversal
solution for each set of flaw parameters. A specificmeasure is used to find the initialization time at the original source. Third,
the flaw identification problem is posed as an optimization problem: ‘‘Among all crack candidates, find the crack which yields
the best wave refocusing at the true source location.’’ See [10,13] for more details.

Time reversal methods have been used extensively in the field of seismology, see [14–18] and were adapted for NDT,
see [19,20]. Recently, this approach has been extended to the so-called full waveform inversion, which is used to create
high-resolutionwave speedmodels. It performs forwardmodeling to compute the differences between the acquired seismic
data and the currentmodel—aswell as a process similar to reverse-timemigration (RTM) of the residual dataset to compute a
gradient and to update thewave speedmodel. See [21] formore details. As the parameter space for thesewave speedmodels
is often extremely high-dimensional (one parameter may be assumed for one finite element in a 3D finite element model)
themethod relies on adjoint-based techniques to compute the gradient efficiently. Similarmethods have been used inmany
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other fields of application, where high dimensional parameter spaces need to be treated. This includes computational fluid
dynamics, [22,23], aerodynamics, [24,25] and shape optimization [26,27]. Most recently, the method was applied for elastic
media in [28]. We prefer to call the method iterative time reversal based optimization to emphasize that in the case of wave
propagation time reversal can be regarded as one of the key building blocks of this algorithm. We show the applicability
and benefits of this method in the field of ultrasound NDT. To our knowledge, full waveform inversion is currently used only
to infer source parameters like source location or moment tensor in the context of NDT, see [29–31], and not to invert for
distributed structural parameters.

The paper is structured as follows. Section 2 introduces the concept of our method. Then, Section 3 focuses on the
theoretical background of the gradient-based optimization procedure, which is able to identify flaws. Section 4 shows
numerical results for a model emulating a two-dimensional damaged aluminum plate. Furthermore, we study how the
quality of the detection of dimension and position of the flaws is affected by different locations of the ultrasonic source, the
flaw location and the placement of the sensors, respectively. We investigate how a typically small amount of sensors can
be used for damage detection by combining outcomes of multiple experiments in a slightly modified cost function, how the
inversion quality is affected by noisy measurements and how different types of damage can be detected simultaneously.
Section 5 summarizes the results and gives an outlook of possible research directions.

2. Concept of an iterative adjoint-based system identification

One limitation of the proposed method of [10] is the need for prior knowledge concerning both, flaw dimensions and
its orientation. Instead of relying on candidate flaws, we try to solve the problem in a more general way using the concept
of iterative adjoint-based optimization. For some general information on the subject see [32] or [33]. The typical setup
in an ultrasonic (US) NDT experiment is the following: An ultrasonic source is applied somewhere on the structure – a
block of concrete or a metal plate, for instance – and the response is measured by a rather small number of sensors that are
connected to the structure. The starting point of themethod is the sole knowledge of the sensor signals from the experiment.
Furthermore, details concerning the experiment are assumed to be known; what source signal was used, for example, or
where the ultrasonic source was applied. The structure under testing might be damaged, and it is assumed that a suitable
numericalmodel of the according healthy structure is available. The acousticwave equation is used tomodel the propagation
of compression waves in the medium with a spatially variable wave speed vp(x). Even though the same approach can be
used for elastic wave propagation, the restriction to pressure waves allows to present the methodology in the most simple
case with only one distributed parameter. This greatly simplifies the derivation of the method and the interpretation of the
results.

utt(x, t) − v2
p(x)1u(x, t) = fs(x, t) for x ∈ Ω ⊂ R2 or R3, t ∈ [0, T ] (1a)

u(x, 0) = ut(x, 0) = 0, on Ω (1b)
u = 0 on ∂Ω. (1c)

Eq. (1) describes the pressure field u induced by an applied ultrasonic impulse fs in a two- or three-dimensional domain
Ω for a time span of T (micro) seconds,modeled by the acoustic wave equation. All boundaries are assumed to be rigid. Here,
vp is the speed of the pressure waves in the material. Impulse fs is modeled as a point source, fs = A(t) · δ(x − xs), where
xs is the source position and A(t) is the time-varying amplitude of the source. What is important here is that the p-wave
speed vp of the acoustic simulation model is assumed to be piecewise constant on a fine enough predefined grid that is able
to represent the flaw. The solution is measured at n distinct sensor locations xri , i = 1, . . . , n.

Without any further prior knowledge, this model is used together with the experimental setting to generate comparable
signals at virtual sensors. If the experimental structure is flawed, these synthetic measurements u(xr , t) and the physical
measurements u0(xr , t) differ at all sensor locations xr . The idea is to try to minimize this difference (over all sensors and
time steps) by adapting the underlying wave speeds vp of the simulation. How this inverse problem is formulated as an
optimization problem is discussed in the next section.

Note, that this methodology is not limited to the acoustic case. It can also be applied to US NDT problems that are based
on the propagation of surface or body waves. In this case the elastic wave equation has to be used instead. In case of strong
inhomogeneousmaterials, an accuratemodel of the healthy structuremight be obtained froman initial CT scan. If the healthy
structure includes complex features like rivets or stringers the geometry can be derived from a CAD model.

In contrast to [10], the aim is not to reconstruct the correct position of the known source, but to try to infer the location
where the presence of a flaw led to a scattering of the waves. A three-step procedure is used to do so. First, the numerical
simulation of the healthy structure generates measurements, which can be compared to the observed data. Then, taking the
difference of both signals (over all sensor locations) into account will cancel those parts of the signals that are related to
the primary waves stemming from the ultrasonic source. Second, the concept of time reversal is used for these difference
signals; they are time-reversed, and all former sensors act as sources in a second simulation. This results in a focusing at the
flawed region. Third, a combination of the time-reversal solution and the forward simulation is used to identify this region.

The objective can be formulated verbally: Adapt the propagation speed vp of the model in such a way that the simulated
signals are as close as possible to the observed signals from the experiment.



882 R. Seidl, E. Rank / Computers and Mathematics with Applications 72 (2016) 879–892

Fig. 2. Adaptive model-based NDT device.

Formulating this PDE-constrained nonlinear minimization problem, a suitable optimization method has to be chosen. A
simple gradient-based minimization procedure is used to do so—which is the topic of the next section.

When formulating the problem this way, it does not rely on prior knowledge of the dimension and the location of
candidate flaws. The concept can be interpreted as an adaptivemodel-basedNDTdevice. This is depicted in Fig. 2. The system
model is givenby a simulationmodel of the healthy structure, and its speed field is adapted by a gradient-basedminimization
process that tries to reconstruct the observedmeasurements. Given enough sensormeasurements, the adaptedmodel is able
to provide information on the size, orientation and shape of the flaw in the interior.

3. Theoretical background

For later use, the differential operator L is defined as L(u,m) := utt − m1u, where u fulfills the initial and boundary
conditions and L(u,m) = fs is used as a short hand of Eq. (1). In principle, it is possible to use any numerical method
that is suitable to provide a solution, such as finite elements or finite differences. In the numerical studies, a simple finite
difference scheme is applied, using the same computational grid as the one used to define the piecewise constant p-wave
speed vp. The solution of the forward problem generates sensor signals that are expected to be measured when the healthy
structure is tested. If the structure is flawed, there will be a discrepancy between the expected and the measured signals
due to a scattering of the ultrasonic pulse at the flaw. Formally, the misfit is defined to be the cumulative least squares error
between the measured and expected signals at the sensor locations xri , i = 1, . . . , n over the time period [0, T ].

χ(m) =
1
2

N
i=1


Ω

 T

0
[u(m; x, t) − u0(x, t)]2δ(x − xri ) dt dx. (2)

Here, the experimental measurements are given by u0(x, t), and u(m; x, t) is the solution of the acoustic wave equation for
a given material modelm(x) := vp(x)2. The question to be answered is a calibration problem: How do we need to change the
wave speeds to generate signals at the sensors that are similar to the ones observed from the experiment?

The goal is to try to minimize the misfit χ(m) by adaptingm(x) in the simulation model.
This inverse problem can, in principle, be tackled using non-linear optimizationmethods. For a comprehensive overview

on theory and methods see e.g. [34–37]. As inverse problems are per definition ill-posed, an exact reconstruction of the
respective cannot be expected, but the hope is that even a local minimum of the misfit is able to give insight about the
position and dimension of the flaw in the structure under testing.

3.1. Mathematical formulation

The misfit χ(m) is minimized by iteratively constructing a sequence of models {mi}
n
i=1 that gradually decreases χ(m). A

gradient descent method is used for this purpose. This is beneficial because, as will be shown, the gradient of themisfit with
respect to model parametersm can be computed very efficiently using the adjoint state method.

Gradient descent
Given the actual modelmi, the model is improved by employing the following update.

mi+1 = mi + γihi. (3)

Here, hi is a descent direction of χ , and γi is a step size that fulfills χ(mi+1) < χ(mi). In the case of steepest descent, the
negative gradient is chosen as a suitable direction.

hi = −∇mχ(m). (4)
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3.1.1. Efficient adjoint-based gradient computation
Due to the very large number of model parameters, a finite-difference based gradient computation is not feasible. The

adjoint state method avoids a computation of the sensitivity of the forward wave field to variations in the p-wave speeds
by a clever construction of an adjoint state that can be interpreted as the solution of the same acoustic wave equation for
a different source function. General introductions to adjoint methods can be found in [32,25,38]. We closely follow [21] for
the mathematical derivation. For the sake of simplification, we start by rewriting the misfit as a general functional χ1(m)
that is integrated in space and time.

χ(m) =


Ω


T
χ1[u(m; x, t)] dt dx = ⟨χ1(m)⟩. (5)

In our specific case, χ1(m) :=
1
2

N
i=1[u(m; x, t) − u0(x, t)]2δ(x− xri ). The derivative ∇mχ δm of χ [u(m)] with respect tom

in direction δm follows from the chain rule:

∇mχ δm = ∇uχ δu = ⟨∇uχ1 δu⟩

where δu := ∇mu δm denotes the derivative of uwith respect tom in direction δm and ⟨.⟩ is a short notation for the double
integral overΩ×I . The appearance of δu poses a problem. If wewant to use finite differences to approximate this sensitivity,
we need to evaluate u(m+ϵδm) for a large number of directions δm. This is clearly infeasible for largemodel spaces because
each evaluation corresponds to a solution of the acoustic wave equation. Therefore, the goal is to avoid the calculation of δu
completely.

Thus, we start by deriving the acoustic wave equation using the chain rule to get the forward sensitivity PDE.

∇mL δm + ∇uL δu = 0 (6)

As the next step, we introduce an arbitrary test function uĎ, multiply it with the state equation and integrate over space and
time.

⟨uĎ · ∇mL δm⟩ + ⟨uĎ · ∇uL δu⟩ = 0 (7)

As this equation still evaluates to zero, we add it to the misfit with the goal to eliminate δu.

∇mχ δm = ⟨∇uχ1 δu⟩ + ⟨uĎ · ∇uL δu⟩ + ⟨uĎ · ∇mL δm⟩. (8)

The expression (8) is rewritten using the adjoint operators ∇uχ
Ď
1 and ∇uLĎuĎ. They are defined as follows:

⟨∇uχ1 δu⟩ = ⟨δ u · ∇uχ
Ď
1 ⟩ (9)

and

⟨uĎ · ∇uL δu⟩ = ⟨δ u · ∇uLĎuĎ⟩. (10)

In our case, the boundary conditions of primal and adjoint operators coincide, but initial conditions in the primal problem
result in terminal conditions in the adjoint problem. These are due to the partial integration that needs to be carried out in
order to construct the adjoint operator. Then we obtain

∇mχ δm = ⟨δ u · (∇uχ1 + ∇uLĎuĎ)⟩ + ⟨uĎ · ∇mL δm⟩. (11)

Now, if we can find a field uĎ that satisfies the adjoint equation

∇uLĎuĎ = −∇uχ
Ď
1 (12)

we can completely avoid the calculation of δu, and the gradient ∇mχ δm is given by

∇mχ δm = ⟨uĎ · ∇mL δm⟩. (13)

This way, the computation of the sensitivities of u is shifted to the computation of two adjoint operators ∇uχ
Ď
1 and ∇uLĎuĎ

and one solution to the adjoint equation. Now, ∇mχ δm can be computed without the explicit knowledge of δu.
In our case, the adjoint solution uĎ needed for the gradient computation is the solution of the following PDE.

uĎtt(x, t) − v2
p(x)1uĎ(x, t) = f Ďs (x, t) for x ∈ Ω ⊂ R2 or R3, t ∈ [0, T ] (14a)

uĎ(x, T ) = uĎt (x, T ) = 0, on Ω (14b)

uĎ = 0 on ∂Ω (14c)

where

f Ďs (x, t) :=

N
i=1

[u(m; x, t) − u0(x, t)]δ(x − xri ).
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Fig. 3. Conceptional overview of inversion algorithm.

Eq. (14) refers to the adjoint problem. Spatial boundary conditions carry over one-to-one, but temporal conditions change
from initial conditions to terminal conditions. The adjoint source is built as a superposition of sources that act at single
points, the sensor positions, and its time function consists of the residual between observed and synthetic data. Because of
the somewhat unusual terminal conditions, solving the adjoint equations can be interpreted as a propagation of residuals
backwards in time from T to 0. Finally, the gradient can be obtained by calculating the quantity

∇mχ δm =


Ω

 T

0
1u · uĎ dt dx. (15)

After computing the gradient, the second part of the algorithm consists of finding a step length γi. In the current
implementation, the simplest approach of testing different step lengths is to choose the one that decreases the misfit by the
largest amount. Using other strategies such as a backtracking line search would improve the efficiency of the algorithm. The
minimization process is terminated after a fixed number of iterations. The concept of the algorithm is summarized in Fig. 3.

4. Numerical examples

In this section, the proposed inversion method is applied to detect a flaw in a simulated aluminum plate. Both, the
plate and the flaw are idealized in the following way: The plate is assumed to be a two-dimensional rectangular domain
of dimensions 100 mm× 200 mm. All boundaries are considered rigid. Therefore, no loss of acoustic energy is assumed. An
ultrasonic point source is applied on the plate to scan the specimen. It is modeled as a Ricker wavelet pulse with a dominant
frequency of f0 = 200 kHz:

fs(x, t) = f 20 · (t − t0) · exp(−f 20 · (t − t0)2) · δ(x − x0) (16)

where t0 is the delay and x0 the positionwhere the point source is applied. The propagation of pressure waves is modeled by
the acoustic wave equation. Experimental sensor data is emulated using a second simulation model. In it, a flaw is modeled
as a small region where the wave speed model deviates from the background wave speed of aluminum of vp = 6420m

s .
Because of the lack of experimental data, a smaller wavespeed is assumed for the flaw, modeled by vf = 0.7vp. Moreover,
2% Gaussian noise is added to the sensor data to emulate measurement errors and to avoid an inverse crime to some extent.
We would like to emphasize that this noise is not able to model changing ambient conditions like rising temperature or
moisture. These effects would have to be considered in an extended numerical model. The wave propagation of the pulse is
modeled for a time span 1T = 48 µs.

Finite differences in space and time, with accuracy orders of O(1x4) and O(1t2), are used for the numerical solution of
the underlying forward and adjoint wave propagation problems (1) and (14). (see [39]).

∂2ui,j

∂2x
≈

−ui−2,j + 16ui−1,j − 30ui,j + 16ui+1,j − ui+2,j

121x2
+ O(1x4) (17)

∂2ui,j

∂2y
≈

−ui,j−2 + 16ui,j−1 − 30ui,j + 16ui,j+1 − ui,j+2

121y2
+ O(1y4) (18)

u(t+1)
i,j ≈ 2u(t)

i,j − u(t−1)
i,j + αi,j


∂2ui,j

∂2x
+

∂2ui,j

∂2y


· 1t2 + O(1t2). (19)

The spatial discretization of the plate is one gridpoint per mm2. It is chosen fine enough to be able to resolve different
flaws. The simulation time is discretized by 1000 timesteps which are chosen to satisfy the CFL condition. The fine temporal
resolution is used to generate a good resolution of the smooth source signal with approximately 30 gridpoints per dominant
wavelength. The simulation time span is chosen in such a way that the wavefront moves at least once through the complete
domain. The discretization results in 20000 parameters for the adaptable wave speed.
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(a) Horizontal flaw. (b) Vertical flaw.

(c) Flaw turned away from source. (d) Flaw facing source.

Fig. 4. The different test cases for the flaw detection algorithm. The US source is depicted by a black circle. The flaw is shown in red. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

4.1. Fixed source position

In a first computation, the numerical experiment is restricted to one fixed source position, searching for unknown flaws
that exhibit a different orientation relative to the source. One sensor at every grid point is used to simulate perfect knowledge
of the complete numerical wave field.

Fig. 4 shows four test cases that only differ in the flaw orientation. The position of the source is indicated by a black circle.
The minimization algorithm is stopped after at most 20 iterations after reaching a (local) minimum in all cases. Fig. 5

shows an example of the achieved decrease of the misfit for the test case with three sources.
The resulting wave speeds after the inversion are shown in Fig. 6. The deviation of the final wave speed model from the

initial homogeneous model is depicted. The left column visualizes the results when complete knowledge of the wavefield is
assumed for the misfit. The flaw, its position, dimension and orientation is clearly visible. Due to the simultaneous update
of all wave speed parameters in every iteration, some artificial noise is introduced in regions where the wave speed of the
true model did not change.

In many practical cases – in particular in NDT for solid structures – it is not possible to place sensors in the interior of a
body. Therefore, the following investigations restrict sensor positions to the boundary of the structure. In these experiments,
only partial information of the wavefield is captured by the misfit where only one sensor is placed at every grid point on the
boundary of the domain, leading to 600 sensors in total. The results are depicted in the right column of Fig. 6. Black boxes
on boundary layers indicate that the complete boundary was equipped with sensors. Clearly, flaw position, dimension and
orientation are still visible.

A horizontal cut at the level of the flaw shows the speed profile, as indicated by the scissors symbol in Fig. 4(a). This
allows to compare the quality of the inversions. Fig. 7 shows the resulting wave speed. The flaw is clearly visible in all test
cases, even though the inversion did not lead to a perfect inference of the unknown wave speed parameters. The restriction
to sensors on the boundary leads to slightly less accurate results.

Furthermore, the results indicate that the accuracy of the inversion depends not only on the number and positioning of
the sensors but also on the source location, as both inversions are more suitable to identify the closer edge of the flaw.

To verify this, the same ultrasonic pulse is applied in the next computation, but its position is varied from position A over
B to C. Results for the full wavefield case are shown on the right in Fig. 7.

Comparing the results of varying the source position with the true wave speedmodel, the following details are observed,
as shown in Fig. 7(a). First, the quality of the inversion results clearly depends on the positioning of the source relative to
the unknown flaw location. In position A, the US pulse is more accurate in identifying the left part of the flaw. When the
source is positioned in such a way that there are strong reflections of the waves from the complete flaw, as it is the case
when placing the source at position B, the inversion is more able to grasp the homogeneity and dimension of the flaw. If the
source is positioned further to the right, only the right tip of the flaw is found to give an almost correct wave speed model.
Therefore, the source position is crucial for the inversion success. This is a major drawback that will be addressed later.

4.2. Reduced amount of sensors

Up to now, it was assumed that there is complete information available for the whole wavefield, or part of it on
the boundary. This assumption of one sensor per grid point resulted in an unrealistic large number of sensors. Further
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Fig. 5. Typical evolution of misfit functional.

investigations are restricted to thehorizontal flaw in test caseA. As it is realistic to assume that sensors can only bepositioned
on the boundary surface in 3D, the focus is on a similar setup in the 2D plate problem. The next study investigates how the
quality of the inversion changes when the number of sensors is reduced to a more realistic amount.

In a first computation, 16 sensors are placed on the boundary as shown on the right in Fig. 8(a). In a second computation,
only ten sensors are used—indicated by green diamonds and the two red sensors on the top and bottom. A third experiment
uses only the four red sensors. Fig. 8(a) shows the resulting wave speed field cutting through the horizontal flaw and the
corresponding setup on the right. The position, orientation and dimension of the flaw can still be observed in all experiments.
However, decreasing the number of sensors clearly decreases the inversion quality. On a first glance, these are rather
unpromising results for realistic cases. Here, the key is to recognize that the more information there is available concerning
the misfit, the better the inversion results will turn out. We will focus on this topic in the next section.

4.3. Combined experiments with multiple source positions

Previously, it was shown that the quality of the inversion heavily depends on the position of the source with respect
to the flaw location. Because the flaw position is not known a priori, a possible approach to reduce this dependence is to
perform multiple experiments with varying source positions. If a sequence of experiments is performed with K different
source positions, this will lead to a generalized misfit functional.

χ(m) =
1
2

K
k=1

N
i=1


Ω

 T

0
[u(m, sk; x, t) − u0(sk; x, t)]2δ(x − xri ) dt dx. (20)

In many practical applications piezoelectric transducers are used to excite and sense the waves. In this case performing
multiple experiments, i.e. using multiple source positions, can also be easily done as each transducer can be run in actuator
and sensor mode due to the reversibility of the piezoelectric effect.

In the next computation, the setup is the same as before, except that three experiments are combined in a larger
minimization where the source position is varied from position A over position B to position C. To inspect the quality of
the inversion, the cut through the flaw is used again. Fig. 8(b) shows the results in this scenario. The wave speeds are clearly
closer to the true wave speeds, and all choices of sensors provide sufficient information on flaw position, dimension and
orientation, even in the case of only four sensors. Especially the dimension of the flaw is recovered well in all computations.
In the case of complete boundary measurements, even the wave speed in the flaw is captured correctly. This shows that the
inversion results can be improved by adding new experiments even if only few sensors are available. Nevertheless, there is
a decrease in accuracy, and the noise around the flaw increases if less sensors are used.

To inspect the influence of additional sources, the next experiment is set up like the previous one, but with six additional
sources. Again, all four boundary cases are considered. The setup and inversion results are shown in Fig. 8(c). For sixteen and
ten sensors, the flaw is reconstructed almost perfectly. For the case of only four sensors, the true wave speed is accurately
captured as well—and the results still reveal all important details about flaw location, dimension and orientation. Clearly,
the combination of additional experiments leads to a steady increase in the accuracy of the inversion.
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(a) Horizontal flaw. (b) Horizontal flaw.

(c) Vertical flaw. (d) Vertical flaw.

(e) Flaw facing source. (f) Flaw facing source.

(g) Flaw turned away from source. (h) Flaw turned away from source.

Fig. 6. Inversion results for all test cases assuming one sensor per grid point (left column) or one sensor per grid point on the boundary (right column).
Black rectangles indicate that only boundary measurements were used.

4.4. Prior knowledge and very sparse sensor measurements

The next computation incorporates prior information concerning the flaw location. The setup is as before but only two
and one sensors close to the flaw are considered and 25 experiments are performed. The setup is shown on the right of
Fig. 8(d). In the case of only one sensor, the red one on the top is used. Due to prior knowledge concerning the flaw location,
the sources follow a path that is close to the unknown flaw. The results of this extreme case are shown in Fig. 8(d). Even
though only a minimum amount of sensors is used, the results still give a good impression of the position, orientation and
dimension of the unknown flaw. Summarizing the results, Fig. 9 shows the overall inversion results for some of the test
cases.
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(a) Cut through flaw for complete wavefield.

(b) Cut through flaw for known boundary. .

Fig. 7. Quality of final speed models for different source placements for the horizontal flaw example in the cases of: (a) complete information and (b)
boundary information.

4.5. Multiple damage positions

In order to show the applicability of the method to detect multiple damage in inhomogeneous structures, it is applied to
a structure consisting of three layers. A steel layer on top and bottom and an aluminum layer in the middle, as shown
in Fig. 10(a). Sensor locations on the boundary are marked with black boxes and source positions for the independent
experiments are shown by green circles. This model is used as starting model for the inversion. Sixteen sensors are placed
at the boundary, the same ultrasonic source of frequency fs = 200 kHz is applied at eight positions for eight different
experiments. All other parameters are kept as in the previous experiments. No noise is applied. The signals from these
eight experiments are combined in one misfit function. Fig. 10(b) shows the unknown damaged state of the structure. It
consists of multiple damage with different complexity. From left to right the damage may be interpreted as delamination,
a y-shaped damage, a damage through two layers, a small scatterer, a vertical flaw and missing material at the interface
between aluminum and steel. Again, without further knowledge a wavespeed of vf = 0.7vp is assumed for each flaw.

Themisfit is reduced to less than 2% in 30 iterations. The inversion results are shown in Fig. 10(c). All six flaws are clearly
visible and reveal all important details about the damage.

4.6. Sensitivity study

For all numerical experiments used so far, the assumption that the pressure wave velocity is reduced (vf = 0.7vp) in
certain areas of the model corresponding to perturbed regions of the structure under investigation was used. In this section,
a sensitivity study of the algorithm with respect to this assumption is conducted to identify limits for detecting flawed
areas. This is very interesting from a health monitoring point of view answering the question if the algorithm is able to
detect perturbations when the material is only slightly damaged. The setup of sensors and sources is the same as shown
in Fig. 10(a), but a series of small flaws with different wave propagation speeds is introduced in the homogeneous domain
to be reconstructed. The experimental model is shown in Fig. 11(a). From left to right, the interior of the flaws correspond
to 0.7vf , 0.8vf , 0.9vf , 0.95vf and 0.99vf . As in the previous study, the same ultrasonic source is applied at eight positions
for eight different experiments. The inversion is run for 30 iterations until a local minimum is reached. In a first inversion
the experimental signals are used without adding noise. The wave propagation speed is shown in Fig. 11(b). Clearly, the
location, orientation and dimension of all flaws with a wave propagation speed up to 0.95vp (or a difference of 300 ms−1

or larger) can be inferred from the inversion results. The smallest flaw cannot be distinguished from the background noise.
In a second study, the inversion is repeated, but 10% and 20% Gaussian noise is added to the experimental signals. Fig. 11(c)
and (d) show the corresponding inversion results. Compared to the previous inversion, there is more noise introduced in the
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(a) Thin boundary—source A.

(b) Thin boundary—sources A, B and C.

(c) Thin boundary—nine sources.

(d) Few sensors—25 sources.

Fig. 8. Final speed models for different source and sensor placements for the horizontal flaw example in the case of few available sensors. From top to
bottom the number of experiments is increased. The setup of sources and sensors is shown on the right. In the case of ten sensors only the sensors depicted
by green diamonds and the two red sensors on top and bottomwere used. In the case of four sensors only the sensors depicted by red boxes are used. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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(a) Sensors on complete boundary and source at position
A. See Fig. 8(a).

(b) 10 sensors on boundary and combined experiments
with source at positions A, B and C. See Fig. 8(b).

(c) Four sensors on boundary and nine combined
experiments. See Fig. 8(c).

(d) Two sensors close to flaw and 25 combined
experiments. See Fig. 8(d).

Fig. 9. Overall inversion results for different settings.

(a) Simulation setup. (b) Experimental setup.

(c) Inversion results.

Fig. 10. Inversion for multiple flaws in a layered structure. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 11. Inversion for multiple flaws with different wave propagation speeds.

complete domain and the flaw with a wave propagation speed of 0.95vf or 6100 ms−1 is hardly detectable anymore. This
shows that the inversion method is robust for a moderate amount of Gaussian noise. This corresponds to results obtained
by a classical time-reversal model as shown in [13].

5. Conclusion

A new NDT system based on an adaptive wave speed model has been presented. The method is based on the concept of
full waveform inversion, which is known from the field of seismology, extended to the special case of US NDT by combining
multiple experiments. This approach is suitable to determine the position, dimension and orientation of a flaw. This was
shown for a simple numerical example of an aluminum plate. The quality of the detection depends on the amount and
positioning of the sensors and the relative position of the source to the flaw. In the realistic case of only very few available
sensor measurements, one single experiment is usually not enough to generate accurate results. Therefore, the general
methodology was adapted to the NDT environment, where the number of possible sensors is limited to a small amount. By
reformulating a misfit as a combination of repeated experiments with changing source location, it was possible to combine
multiple experiments in one overall minimization. This turned out to produce significantly better results than in the single
experiment case. The method is able to reconstruct multiple damage, even in the case of inhomogeneous materials.

Algorithmically, going from simple steepest descent to conjugate gradient or higher order optimization schemes, a more
efficient computation of the step length and a regularization should all result in a more efficient method.

In an important next step, it is planned to validate the results by coupling the simulation method with sensor data from
real experiments.
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