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Abstract. Ultrasonic Nondestructive Testing is concerned with detecting flaws inside components without causing physical 
damage. It is possible to detect flaws using ultrasound measurements but usually no additional details about the flaw like 
position, dimension or orientation are available. The information about these details is hidden in the recorded experimental 
signals. The idea of full waveform inversion is to adapt the parameters of an initial simulation model of the undamaged 
specimen by minimizing the discrepancy between these simulated signals and experimentally measured signals of the 
flawed specimen. Flaws in the structure are characterized by a change or deterioration in the material properties. 
Commonly, full waveform inversion is mostly applied in seismology on a larger scale to infer mechanical properties of the 
earth. We propose to use acoustic full waveform inversion for structural parameters to visualize the interior of the 
component. The method is adapted to US NDT by combining multiple similar experiments on the test component as the 
typical small amount of sensors is not sufficient for a successful imaging. It is shown that the combination of simulations 
and multiple experiments can be used to detect flaws and their position, dimension and orientation in emulated simulation 
cases.

INTRODUCTION

Ultrasonic Nondestructive Testing (US NDT) is based on the propagation of low amplitude waves through the 
material, measuring the travel time and intensity of the waves at specific sensors. In the conventional approach these 
physical measurements – or some selected features – are compared to reference measurements of the flawless 
specimen by a human expert who then decides if a flaw in the specimen is to be expected or not. This is shown in 
Figure 1. Following this approach it is possible to detect damage - but usually not to provide detailed information on 
the damage parameters. Recently this approach has been extended by considering numerical time-reversal simulations.
(Givoli, 2014)

Full waveform inversion has been widely and very successfully used in seismology in the last ten years. The 
method was known already in the 1980’s (Tarantola, 1984) but only the recent advances in computing power and 
storage allow to solve the demanding problems in seismology where it is necessary to invert for multiple parameters 
in complex earth models. (Fichtner et al., 2013; Virieux and Operto, 2009) Because the method is able to image the 
interior of the earth in great detail using measurements of earthquake waves, the idea to adapt the methodology to the 
smaller scale of US NDT seems plausible and promising. In a certain way full waveform inversion extends the
common US NDT approach by adding an adaptable simulation model of the healthy specimen instead of the fixed 
reference measurements. Such a model might be available through an initial CT scan or a CAD model. The idea is to 
adapt the simulation model, or more precisely its parameters like the wave speed of pressure or shear waves inside the 
specimen, in an iterative fashion such that in the end the simulation model itself is able to generate signals at the 
sensors that are similar to the physical measurements. This approach is depicted in Figure 2. As result, the adapted 
simulation model can be used to perform an image based investigation of flaws or inclusions. The method is very 
general and can have multiple applications in US NDT ranging from the simultaneous detection of multiple cracks or 
flaws of different sizes to material or flaw characterization. The goal of this publication is to present the method in the 
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simplest acoustic setting and to provide some examples how the method could be applied in the context of US NDT. 
One recent example where full waveform inversion already showed to be very promising is in the context of guided 
wave imaging of corrosion in tubes by (Rao et al., 2016). 

FIGURE 1. Standard NDT system

FIGURE 2. Simulation model based NDT system

METHOD

The idea of full waveform inversion is to use the discrepancy between experimentally measured ultrasonic signals 
that include information about possible flaws and inclusions and computed signals from a simulation model of the 
undamaged structure to adapt the wave speed of the simulation model iteratively such that in the end the simulation 
model is able to generate the experimental signals. If this is the case the adapted wave speed distribution in the final 
simulation model should present information about the flaws in the structure. It can be inspected visually for possible 
flaws and inclusions. Even though a similar approach can be used for elastic wave propagation, we present the method
in the context of acoustic wave propagation for two reasons. First, the derivation of the method is simplified 
significantly in the simpler acoustic case and second, there is no ambiguity in the interpretation of the results of the 
inversion as the output is a scalar speed map. For more information about using an elastic model instead see (Pratt et 
al., 1998; Tromp et al., 2008; Virieux and Operto, 2009)

The wave propagation of pressure waves induced by an applied ultrasonic impulse in a two- or three-dimensional 
medium  for a time span of  (micro) seconds, is modeled by the acoustic wave equation( , ) ( ) u( , ) = ( , ) , [0, ]( , ) = ( , ) = 0  = 0  .

(1a) 
(1b)
(1c)

All boundaries are assumed to be rigid. Here, ( ) is the propagation speed of the pressure waves in the material. It 
is assumed to be piecewise constant on a fine enough predefined grid that is able to represent the flaw. The ultrasonic 
impulse  is modeled as a point source, = ( ) ( ), where is the source position and ( ) is the time-
varying amplitude of the source. The solution is measured at distinct sensor locations , = 1, … , .  

This model is used together with the setup of the experiment to generate comparable signals at the sensor 
locations. To measure the discrepancy between these signals and the experimental signals of the flawed structure, we 
formulate the following least-squares functional

090013-2



( ) = 12 [ ( ; , ) ( , )] ( )  . (2)

It is often called cost or misfit functional. Here ( ; , ) is the simulated wavefield that is defined implicitly as 
solution to the acoustic wave equation (1). ( , ) are the experimental signals that are only measured at distinct 
sensor locations . The Dirac function is used to account for this pointwise comparison. The functional is depending 
on a set of model parameters ( ). As the wave propagation speed is a distributed parameter on a possibly 
very fine grid, this results in a large amount of parameters that have to be adapted. In our simulations the number of 
parameters are in the order of (10 ) to (10 ) for the inverse acoustic problem for 2D and 3D problems 
respectively. Supposed the measured signals from the flawed specimen and the simulated signals agree, then the cost 
function is zero. If there is a discrepancy between the signals then its value is larger than zero and quantifies the misfit 
between the signals. Therefore, the goal is to minimize ( ) with respect to the large amount of model parameters. 
Clearly, global optimization methods are not suitable in this case because the acoustic wave equation has to be solved 
for each evaluation of ( ). Therefore, one has to use a local optimization method that tries to decrease the nonlinear 
misfit function step by step until it ends up in a local minimum. We use a simple steepest descent method. Given the 
actual model , it is improved by employing the following update:= + . (3)
Here, is a descent direction of , and is a step size that fulfills ( ) < ( ). In the case of steepest descent, 
the negative gradient is chosen as a suitable direction.=  ( ). (4) 

The most delicate part of the algorithm is the computation of ( ) because of the dependence on the large amount 
of model parameters . The gradient of the cost function with respect to is derived by applying the chain rule.

=  [ ( ; , ) ( , )] ( )  (5) 

The sensitivity poses a serious computational challenge as it would have to be computed for each model parameter 
in . A naive approximation of this gradient by finite differences would need at least + 1 evaluations of ( ).
This is clearly impractical as each evaluation requires the solution of the acoustic wave equation. 
As shown in (Fichtner, 2011; Seidl and Rank, 2016) the gradient can be efficiently computed using an adjoint 
formulation of equation (5) by =   . (6) 

Here, is the solution of the following adjoint equation: ( , ) ( ) u ( , ) = ( , )     , [0, ]( , ) = ( , ) = 0  = 0  ,
(7a)
(7b)
(7c)

where the adjoint source is given by ( , )  [ ( ; , ) ( , )] ( ).
The adjoint equation is very similar to equation (1) (called the forward problem) with two important differences. 

It is solved backwards in time because of the terminal conditions and its source is a distributed point source: the time-
reversed residual between computed sensor signals and experimental data at the sensor locations. Given the solution
of the adjoint equation the calculation of the gradient simplifies significantly. Now, one forward and one adjoint 
solution suffice to calculate the gradient with respect to all model parameters. For more details about adjoint equations 
see (Hinze, 2009; Marchuk, 1995). After the gradient is computed the step size can be obtained by a line search or 
more advanced techniques as described in (Nocedal and Wright, 1999). Then the model parameters are updated using 
equation (3). This process is repeated until a local minimum is reached. 

090013-3



APPLICATIONS

To see the benefits of the proposed inversion method it is applied to detect flaws in a three-dimensional 
homogeneous block by imaging the interior of the object. In a second example a strongly inhomogeneous two-
dimensional model of a human femur is used to show the applicability to more complex and inhomogeneous structures. 

The block has dimensions 10 and a homogeneous wave speed of  = 6420 inside is assumed. All
boundaries are considered rigid. Experimental sensor data is emulated using a second simulation model, where three
flaws, two horizontal flaws on top of each other and one vertical flaw, are modeled as small regions where the wave 
speed model deviates from the background wave speed as shown in Figure 3(a). As experimental data was not 
available, a smaller wave speed is assumed for the flaws, modeled by = 0.7  and this data is emulated using a 
second simulation. In both cases the propagation of pressure waves is modeled by the acoustic wave equation (1) and 
ultrasonic point sources are applied on the boundaries one at a time to scan the specimen from different angles. In all 
cases the ultrasonic source is modeled as a Ricker wavelet pulse with a dominant frequency :( , ) = ( ) exp( ( ) ) ( ), (8)

(a) experimental model             (b) initial simualtion model

FIGURE 3. Unknown experimental model and setup of sensors (blue box) and source (red circle) at one face.

where is the delay and the position where the point source is applied. The wave propagation of the pulse is 
modeled for a time span of 48 . The forward and adjoint acoustic wave equations are solved using finite differences 
in space and time with accuracy orders of ( ) and ( ). The spatial discretization of the block is one grid point 
per two millimeter. It is chosen fine enough to be able to resolve different flaws. Simulation time and time step size 
are chosen such that the CFL condition is satisfied, a smooth source signal is generated and the wave form moves at 
least once through the complete domain. Because the same grid is used for the solution of the wave equation and the 
model parameter, i.e. the speed of the pressure waves, the discretization results in 125 000 model parameters which
are updated simultaneously each step by the inversion process. 

Furthermore, the cost function is adapted to handle data from multiple experiments where the same source is 
applied at different positions, as this is the common case in NDT.

( ) = 12 [ ( , ; , ) ( ; , )] ( )  (9) 

As a result simulations need to be performed to evaluate the cost function once and 2 simulations for evaluating 
the gradient. (Seidl and Rank, 2016) showed that scanning the structure and its flaws from different angles greatly 
improves the results of the inversion. Figure 3(b) shows the placement of sensors and source for the back face of the 
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block. Eight sensors are placed at each face for a total of 64 sensors, and the same source is applied at the midpoint of 
each face once resulting in six experiments. Steepest descent is run for 30 iterations until a local minimum is found. 
Figure 4 gives a visual comparison of the experimental structure being unknown at the beginning of the simulation 
and the inverted structure from different angles. A homogeneous block is assumed in the beginning of the inversion. 
The structure can be clearly identified as ‘damaged’ by a visual inspection. Moreover, the position, dimension and 
orientation of all three flaws is clearly visible.

(a) Experimental model from different viewpoints

(b) Inverted model from different viewpoints

FIGURE 4. Comparison of experimental and inverted model

The inversion approach is general and not limited to simple and homogeneous structures. To show these further 
benefits it is applied to a more complex model of the human femur. The material properties, more precisely the speed 
of compressional waves inside the bone, and its geometry are derived from a qCT scan and empirical modeling as 
described in (Wille et al., 2012). For simplicity, only a two dimensional slice of the bone model is used. The strongly 
inhomogeneous wave speed distribution ( ) is shown in Figure 5(a). Seven sensors, marked by black boxes, and 
four sources, shown as green spheres, are placed at the boundary of the bone. It has a height of 240 mm and a width 
of 100 mm. A discretization of 506 x 106 grid points is used which leads to around 50 000 model parameters. As 
source signal the same Ricker wavelet as before is used with a dominant frequency = 150 .  Again, because no 
lab data is available a modified simulation model is used to generate sensor measurements of a flawed structure. Here, 
a L-shaped flaw with a wave speed of , = 1500 / is introduced as shown in Figure 5(b). Steepest descent is 
run for 30 iterations until a local minimum was reached. Figure 6 shows the deviation from the initial bone model. 
The L-shaped flaw is clearly reconstructed successfully.

OUTLOOK

It has been shown how the concept of full waveform inversion can be described as model-based NDT device 
where an adaptable wave speed of a simulation model of the healthy structure is corrected in an iterative fashion such 
that the simulation model is able to generate sensor signals that are close to experimental signals of the flawed 
structure. As result the wave speed can be used to image flaws inside the structure. Because of the general setup of 
the method it can have multiple applications in US NDT ranging from simultaneous detection of multiple cracks or
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flaws of different sizes to material or flaw characterization. This method was shown to work well to visualize the 
position and shape of emulated flaws for a complex 2D bone example and a 3D homogeneous block when using data 
from multiple similar experiments and a limited amount of sensors. In both cases all flaws can be determined by a 
visual inspection of the adapted wave speed of the simulation model. As important next steps, it is planned to validate 
the results by coupling the simulation method with sensor data from real acoustic experiments. Furthermore the 
method should be extended to use the elastic wave equation and a finite element simulation model such that it can be 
applied to more realistic NDT problems where for instance body waves are used to inspect a structure.

(a) Initial model             (b) Experimental model

FIGURE 5. Wave speed models of human femur

FIGURE 6.  Deviation from initial model
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