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Abstract

The interface of CAD and numerical simulation is still a severe bottleneck on the
way to automated computational development processes. Here, an octree-based hier-
archical encoding of geometric objects is a promising approach to their flexible uni-
form representation for various purposes. In this paper, we present algorithms for the
efficient coding and handling of geometric octree models. The primary scenario of
application are models of buildings at the interface of architectural descriptions and
computational structural analysis.

Keywords: octrees, volume-oriented geometric modelling, consistency checks, hier-
archical data structures, fast algorithms, on-the-fly generation, embedded simulation

1 Introduction

Design and simulation steps within development processes in both mechanical and
civil engineering rely on a sufficient representation of the underlying geometry. Thus,
a geometric model has to be created. Typical representations are surface-oriented and
volume-oriented models, both more or less suitable for different tasks.

While surface-oriented models have a widespread use within design processes [1],
especially providing all freedom of modelling like freeform surfaces, they become dif-
ficult to handle concerning tasks like collision detection, flow simulation, and struc-
tural analysis. A new model meeting all requirements of the latter tasks has to be
derived, in general a volume-oriented one.

Volume-oriented models can be described in many different ways—e. g. by norm
cells or constructive solid geometry [8]. This paper deals with octrees, a hierarchical
volume-oriented data structure providing easy access to solve the tasks named above
with respect to their spatial decomposition of the underlying geometry. Here, the main
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focus is put on fast and efficient algorithms to generate and process octress – even on-
the-fly – for models from the application field of civil engineering.

In spite of the principal advantages of octrees concerning complexity, conventional
algorithms often don’t exploit the full potential of these structures, as octrees of a
higher resolution typically entail too high run-time and memory requirements. Based
on expensive floating point calculations whether or not a successively refinement in
each voxel (cell) is necessary, our approach avoids these calculation costs by a simple
parameter comparison of plane equations. For each face of the surface-oriented model
a corresponding plane equation is determined, each dividing the entire space into two
half-spaces labeled in and out. An intersection of all half-spaces with the attribute in
provides the respective volume-oriented model.

2 Octrees

One of the first applications quadtrees, the two-dimensional counterparts of octrees,
were used for is probably image encoding in computer graphics [9]. By a spatial
decomposition of the picture, areas with the same colour could be stored as one single
leaf of the tree. Applying this to geometries, a cube (root node) containing the entire
geometry is successively halved in every direction until the resulting cells are lying
completely inside or outside the geometry. Thus, the order of magnitude of the number
of cells necessary to store the geometry under retention of resolution � � ��� can be
reduced from ����� to ����� in comparison with the norm cell algorithm. Without
starting from the scratch, a chosen resolution can be changed easily at any time, since
refinements only occur at the surface of the geometry.

This all makes octrees very popular whenever a volume-oriented geometry repre-
sentation is needed, in particular concerning complexity, flexibility, and usage. Nowa-
days’ applications based on octrees comprise – among other things – the processing of
large data sets [14], mesh generation [10], numerical simulation [12, 3], visualisation
[2, 3], collision detection [6], geographic information systems [11], and databases or
data mining [5], resp.

3 Algorithms for octree-based modelling

3.1 Preliminaries

As discussed in Section 2, starting from a root node every new cell is successively
halved in every direction as long as it has an intersection with the object under con-
sideration. In practice, after reaching a given depth ����, the algorithm stops and
cells still having an intersection with the object are attributed as in or out due to a
certain decision criterion—like centre of gravity or volume ratio for instance. To de-
termine whether or not there exists an intersection, conventional algorithms calculate
this explicitly by costs of many expensive floating point (FP) operations.

2
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To avoid these costs, our octrees are built from intersections of attributed half-

spaces. The following preliminaries apply to all further considerations. Let the geom-
etry to be converted be a surface-oriented model represented by its boundary surface,
composed of single flat surface patches bordered by closed polygons �� with � � �
edges. Furthermore, let the geometry be convex and without holes—non-convex ge-
ometries have to be decomposed into convex parts first.

3.2 Half-spaces

Every face of the surface-oriented geometry can be seen as an infinite plane, dividing
the entire space into two disjoint parts labeled in and out. An intersection of all parts
labeled with in results in a volume-oriented representation of the original geometry.
By writing the plane equation for each face in the way

� � �� � �� � �� � �� � �� � �� � �� � � with
��

���

���� � �	 (1)

an intersection between plane � and the corresponding cell can be determined by the
single parameter ��. Hence, a refinement has to be done if �� 
 �� 
 �.

Due to the normalisation of ��, ��, and �� in (1), cells tested for intersection with
plane � are limited from �� to � in every direction. The parameter �� corresponds to
the distance of � from the origin – lying in the centre of a cell –, and thus, intersections
only occur for values ���� 
 �. For ���� � �, the plane � either overlaps with one of the
cell’s sides or intersects one of the cell’s edges or corners—no refinement is necessary.

In case of a refinement, eight new cells are formed that have to be tested, again
by comparing the parameter ��. Regarding the subdivision, the resulting new scaling,
and the new origin of these cells, only a new value for �� has to be determined, as the
face normal – given by �� to �� – doesn’t change. This corresponds to a scaling and a
translation into a new coordinate system, displayed as�

� ��
��
��

�
� ��

�
� ��

��
��

�
� �

�
� ��	 � �� � ��

��	 � �� � ��
��	 � �� � ��

�
�  (2)

Inserting (2) into (1) results in a plane �� corresponding to the new coordinate system

�� � ��� � �� � �� � �� � �� � �� � �� � �	
��

���

���� � �	 (3)

with ��� � 	 � �� � 	 � �� � �� � 	 � �� � �� � 	 � �� � �� (4)

In our case, we have ������ � 	���		 ��	
, because the centre of a refined cell has a
distance of ���	 or ��	 from the centre of the original cell in every direction. Thus,
(4) can be written as ��� � 	 � �� � �� � �� � ��	 (5)
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Figure 1: A quadtree refinement corresponding line � � � �

�
� �

�
� �� �

�

�
� �� � �. The

cells (pictures 1 - 3 from the left side) contain the value of �� according to (5) and the
attribute (picture 4) according to (6)—white means out, grey means in.

the sign of ��, ��, and �� depending on the corresponding cell. Each time a cell
is refined, for every new cell parameter ��� according to (5) has to be calculated for
further intersection decisions. If the expression��������� is calculated in advance
and stored in variables �� to ��, all necessary calculations for ��� � 	 � �� � �� can be
reduced to one FP multiplication and one FP addition in every step for each new cell.

3.3 Cell attributes

Without any sophisticated decision criterion, the attribute for any cell – lying inside or
outside as well as still having an intersection with the object after reaching a maximum
depth ���� – can be found by a simple sign comparison. Choosing equation (1) for
plane � in the way that the face normal always points to the outside of the geometry,
the attribute for any cell can be determined as

�� � �� �������	 ��  �� ������ (6)

No further FP operations are needed, as �� is calculated anyway for the refinement
decision. Thus, the overall costs for one cell to decide whether or not to refine and
which attribute to give consists of one FP multiplication, one FP addition, and two FP
comparisons. Figure 1 shows a small example in 2D for successive refinement and
calculation of ��.

3.4 Boolean operators

To form the resulting volume-oriented model out of octree-encoded half-spaces from
Section 3.2 and 3.3, further tree operators are necessary that allow to calculate the
intersection, union, and difference—Boolean operators for octrees. The latter ones –
union and difference – are necessary for dealing with non-convex objects that have to
be assembled from convex components.

All three operators have in common that by abidance of a special processing or-
der the resulting work can be minimized. When intersecting two octrees for instance,
no further refinement for a cell with attribute in of one octree has to be done if the
corresponding cell in the second octree has already the attribute out (see Figure 2).
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tFigure 2: An intersection of two quadtree refinements processed in one single step,
where any redundant refinements (dotted lines) not occurring in the final quadtree
(right picture) can be avoided.

Thus, redundant refinements that don’t occur in the final octree can be avoided, di-
rectly forming the resulting tree by processing the octree generation and applying one
or more of the given operators in one single step.

The processing order for a union is contrary to the one of an intersection. Here, a
cell of one octree having an intersection with the object needs no further refinement
when the corresponding cell of the second octree already lies inside the object and,
thus, is labeled in. With the intersection and union operators any geometry of the type
described in Section 3.1 can be built out of octree-encoded half-spaces. To avoid re-
dundant refinements all intersection and union operations have to be done in one pass,
which results in the necessity of a unique representation regarding these operators.

As the basic concept of our octree-based modelling, octrees are always formed as
unions of convex parts which themselves are generated by intersections of half-spaces.
This corresponds to a disjunctive normal form (DNF) that can be written as�
��
�
� ��

�
� � � � � ����

�
�
�
��
�
� ��

�
� � � � � ����

�
� � � � �

�
��
�
� ��

�
� � � � � ����

�
	 (7)

with ��� denoting half-space � of part �. The DNF satisfies – beside the uniqueness
of representation – all necessary requirements to process all operations and genera-
tion steps in one single pass, such that complexity is free of redundancy and directly
proportional to the surface of the resulting volume-oriented model.

The difference operator has not to be considered separately, because ��� can also
be written as � � �. Thus, intersecting � with the inverse of � leads to the same
result. Inverting a half-space corresponds to just switching the attribute from in to out
or from out to in, resp. The difference operator allows to simplify the handling of
non-convex objects, like a wall with a window, for instance, can be built as union of
four convex parts (the parts around the hole) or as difference from the wall and the
window itself.

4 Streams

4.1 Linearisation of trees

For a persistent storage of trees as well as for further applications, the octree has to
be linearised. For that, the nodes and leaves of the tree are processed due to some
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1

1 10000

00 00 01 01 01 01 00 00

Figure 3: The quadtree in the middle of the picture corresponds to the geometry
on the left-hand side. By encoding all nodes and leaves – the latter ones together
with their corresponding attribute – a linearisation of the tree results into the stream
10010000010100101010000 (right-hand side).

prescribed oder (like depth-first). Our encoding stores a ”1” for a node and a ”0” for a
leaf.

Of course, the geometry itself has to be encoded, too. For that, we store a ”1” for
a cell with attribute in and a ”0” for a cell with attribute out. Hence, whenever a leaf
is processed, two values have to be written down, the ”0” for the leaf itself and the
value for the corresponding attribute. The order for processing all nodes is given by a
depth-first search, writting down all values in prefix notation (see Figure 3).

A depth-first search starts from the root node, always descending in the left-most
branch of the tree until a leaf is reached, going backwards to examine all visited nodes
in the same manner successively. The prefix notation then writes down the encoded
value of a leaf or node when it is visited for the first time. Thus, the linearisation
results in a stream only consisting of zeros and ones as representation of the original
octree.

To reduce the size of the stream it can be binary encoded, i. e. to spend only one
bit for each node or leaf and for the cell’s attributes, resp., by combining 32 bits – or
64 bits on 64-bit architecture – to one 32-bit unsigned integer value. If the last part of
the stream is smaller than 32 bits, it needs some padding – filling with zeros until 32
bits are reached – which on the other hand makes it necessary to look for the end of
data within the stream whenever it is processed.

Two or more of such binary encoded streams can again be used within the context
of Boolean operators, called multiplexers in this content. Multiplexers can deal with
both streams generated and stored in advance and with streams generated on-the-fly—
streams that are generated and linearised in real-time. For instance, collision detection
is one application of multiplexed binary streams.

4.2 Handling of streams

Streams of binary encoded octrees can be described in a formal way, using a Chomsky-
II-Grammar. With the grammar � � ��	 �	 �	 ��, consisting of a set of non-terminal
symbols� � 	�
, a set of terminal symbols � � 	�	 �
, a start symbol�, and a set of
productions � � �����������, any possible octree – here without the additional
bits for the attributes – can be created.
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For every context-free Chomsky-II-Grammar, there exists a finite state automaton

� that accepts the language �� defined by �. By starting with an empty stack and a
word � � ��, � is accepted as input when the automaton � stops in a corresponding
final state with an empty stack. This formalisation leads to a simple and fast imple-
mentation for processing streams by using stacks.

According to the maximum depth ���� of the octree a stack � of length ���� � �
is needed, where every element �
�� is initialised with ��, and where the stack pointer
points to the first element �
��. Every time a ”1” is read, the value �
�� is increased by
one before the stack pointer is set to �
����. When reading a ”0”, the value �
�� is first
increased by one before the stack pointer is set to �
� � �� as long as the value of �
��
equals 7. Setting the stack pointer to �
�� again indicates the end of data within the
stream—the rest is padding information.

One obvious drawback in the usage of stacks lies in the fact of not being able to
set back within a stream. Therefore, the stream has to be processed again from the
beginning. But for our applications – especially for collision detection – setting back
is not necessary. On the other hand, stacks have a very low memory usage and the
stack itself contains the position number of the current processed node or leaf at any
time during the entire process. For position numbers of nodes or leaves within the
context of octrees see [4].

5 Applications and results

Our octree implementation shall be used for the efficient generation and handling of
volume-oriented models in the field of civil engineering as the basis for various kinds
of applications. Collison detection, global consistency in case of cooperative work,
and structural analysis – to name just a few – are important steps on our way to the
long-term objective of completely embedded simulation processes.

5.1 Collision detection

Before the structural analysis of a CAD-model can be effected, the consistency of the
model has to be ensured. As gaps or intersections between parts of the model – due to
mistakes during the modelling phase and round-off errors when storing the model to a
file – are quite frequent and aggravate the calculation of a correct flow of force, these
critical spots have to be located in advance in order to adjust the model.

A collision detection between all parts of the model reveals these spots. Therefore,
every part has to be cross-checked with every other part, giving the impression of a
complexity of �����. In practice, most tests already end after some few steps, as
the corresponding parts are disjoint and don’t share an edge or face and, thus, can be
neglected, which leads to a complexity of ���� only.

To detect a collision, two octrees or two octree-encoded binary streams have to be
intersected—either generated in advance or on-the-fly. When the intersection doesn’t
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tFigure 4: Screenshot of our tool for collision detection. Here, an intersection between
the two walls has been found, displayed enlarged in the main view on the right side.

become empty after reaching a certain resolution � – given by a maximum depth
���� � ��

�
����� – there exists an overlap between the two parts. Conversely, when

the intersection becomes empty before reaching a depth ����, no conflicts exist. For
any other depth between ���� and ���� a gap has been found – intentionally or un-
intentionally – and some user feedback is necessary. By altering the two parameters
���� and ���� the precision of the collision detection can be controlled.

5.2 Consistency for cooperative work

Another application for our octree-encoded model comprises cooperative work, where
global consistency has to be achieved while various clients can alter local parts of the
model during the various steps within the design process. They all communicate over
a network with the corresponding server that holds the model data and checks for
modifications.

Each client can check out parts of the model – read only, read/write, or locking
– that can be processed in the respective manner. A read-only check out causes no
further problems. The same holds for locking, since parts of the model that should be
modifidied and all neighbouring parts are locked and not accessible for other users.
Thus, inconsistencies can only occur in the read/write mode. When trying to check
in modified parts, again, the server has to determine and notify any conflicts that have
arisen. This can be done by a collision detection as described in Section 5.1.

The basic principle for a persistent and reliable storage of the model as well as all
mechanisms for checking in and out rely on a two-stage approach (see Figure 5). The
geometric information of the model – all plane equations for generating the octree-
based model as well as the original surface-oriented data which is needed for visual-
isation – is stored in a relational database management system (RDBMS). This data
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Client 1

Client 2

Client n

Octree

Internet

RDBMS

Figure 5: A two-stage approach via an octree and a relational database management
system (RDBMS) cares for a consistent model in case of multiple editors (clients),
everyone processing parts of the model and being able to make modifications.

can only be accessed via the octree interface, holding a spatial decompositon of the
model which is refined as long as one part fits into one cell entirely, storing the asso-
ciated key for the corresponding database entry. A direct communication between the
clients and the database is not possible.

Whenever clients want to check in parts of the model, the octree cares about any
conflicts before the modified data is strored into the RDBMS. If a safe storage is not
possible because the parts – modified by oneself or by someone else – conflict with
other parts, the client is notified and asked to solve the conflict. He’s not allowed to
check in before.

5.3 Structural analysis

One main application of our octree structure is to perform structural simulations based
on strictly three-dimensional models. This stands in constrast to the common ap-
proach, where the structure is divided into different, dimensionally reduced parts like
beams and plates, which are normally computed independently from each other. In
comparison to that, the analysis of the structure in one global model ensures consis-
tency during the complete computation process, even in case of local changes.

Starting point of our approach is a standardised building product model like the
Industry Foundation Classes (IFC) provided by the International Alliance for Inter-
operability (IAI) [7]. This standard data exchange format offers an object oriented
description of building product model data and ensures software interoperability in
the building industry. In a first step, the geometric information contained in this prod-
uct model is transfomed to a solid B-rep model, where possible inconsistencies are
resolved with the collision detection algorithm shown in Section 5.1. Furthermore, all
informations relevant for the numerical simulation can be extracted and saved in the
B-rep data structure.

The geometrical 3D model is then decomposed into a so-called connection model,
which divides the structure into bodies and connection objects, where the bodies co-
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tFigure 6: Structural analysis based on a standardised building product model—shown
is an exploded drawing of the model (left picture), an enlargement of parts of the
structure (middle picture), and the results of a structural analysis (right picture).

Figure 7: An octree-based geometry of a simple CAD-model, here displayed with a
depth of 8.

incide only in common nodes and edges [13]. This connection model makes it then
possible to create a three dimensional hexahedral finite element mesh for the FEM
analysis. The connection model, the hexahedral mesh, and the results of a finite ele-
ment computation are shown for a part of a building in Figure 6.

5.4 An example

On the one hand, we have developed a fast and efficient tool for the octree generation
of CAD models, and on the other hand, we have a widespread scenario of applications
based on volume-oriented models to testify the suitability of octrees as basic data
structure in a cooperative working environment. As the latter ones are subject of cur-
rent research, we want to address runtime and memory usage for the octree generation,
here.

The simple model shown in Figure 7 – consisting of 60 half-spaces – has been
generated on a standard PC (Pentium4 2.40 GHz). Assuming that the model has a
width and length of 10m, a depth of 14, for instance, results to a resolution of 0.61mm
for a cell on the finest level. Table 1 shows the runtime, the amount of nodes of the
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Depth Runtime [s] Nodes File size [Byte]

8 0.130 342,929 80,379
9 0.510 1,395,985 327,187

10 2.010 5,601,137 1,312,772
11 8.060 22,439,785 5,259,332
12 32.400 79,717,870 21,052,260
13 132.950 359,162,713 84,178,768
14 508.810 1,436,440,585 336,665,768

Table 1: Runtimes, amount of nodes of the tree, and file sizes at different resolutions
for generating an octree of the CAD-model shown in Figure 7.

tree, and the file size for the model at different resolutions. The values in Table 1
always refer to the octree-generation of an entire model which is not necessary in the
context of collision detection and global consistency. There, only a small part of the
octree has to be calculated, which once more clearly decreases the required time.

6 Conclusion

In this paper, we discussed fast and efficient algorithms for generating octrees as inter-
sections of half-spaces—even on-the-fly. We presented three different kind of appli-
cations based on our octree implementation, namely collision detection, global con-
sistency for cooperative work, and structural analysis. Due to these promising results
future work will concentrate on further applications based on octree-encoded geome-
tries, bringing us closer to our target of completely embedded simulation processes.
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